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What are knots and links?

@ Knot K: a smooth embedding of codimension 2 in a 3-manifold M, that is
diffeomorphic to S!.
Formally, K is a simple closed curve (also known as Jordan curve) that is a
nearly injective and continuous function K : [0,1] — M, with the only
“non-injectivity” being KC(0) = K(1).

@ Link £: a smooth embedding into a 3-manifold M that is diffeomorphic to a
finite disjoint union of knots: £L=/; U Ky U --- U KCp.

@O
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Knot Theory: Knots and Links
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Knot Theory: Knots and Links

Knot & link diagrams

@ @ o A knot/link diagram D is the

projection of a knot/link onto a
plane with crossings indicated

(\ N e Standard notation: x\
(/_) x: crossing number,
\/ L: number of components (only
- for links with L > 1),

n: number used to enumerate
knots and links in a given set

/S characterized by x and L

5,
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Knot Theory: Knots and Links

Ambient isotopy

Two links £ and £’ are ambient isotopic if there is a smooth map

a:[0,1] x M — M such that for each value t € [0, 1], the map

a(t,:) : M — M is a diffeomorphism, and «(0, -) is the identity map on M,
while a(1,-) maps £ to L.

O (&5

Are all the knots the same (ambient isotopic) as the unknot/circle?
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Knot Theory: Knots and Links

Reidemeister moves

I/b*—':j

fwist wntwist @ In the 1930s, Reidemeister first

rigorously proved that knots
exist, which are distinct from

I ) «—» ) the unknot.
: — @ He did this by showing that all
poke

knot deformations can be
reduced to a sequence of three
| types of “moves”.

1. %" -—> \

| slide

unpoke
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Knot Theory: Knots and Links

Theorem (Reidemeister’s theorem)

Two knots/links can be continuously deformed into each other iff any diagram of

one can be transformed into a diagram of the other by a sequence of Reidemeister
moves.

Reidemeister’s theorem guarantees that moves |, Il, and Il correspond to ambient
isotopy of knot/link diagrams.

=

Figure-eight knot is amphichiral.
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Knot Theory: Knots and Links

Invariants

o Linking number:

Ik(Ky, Kp) = % > elp)

peD

for all crossing points p in D with ¢(p) = £1 being a sign associated to the
crossings.

@ The linking number of a link £ with components K,, a =1,...,Lis
k(L) = Za<ﬁ k(Ka, Kg).

AR
X o oy

S~ Se o7 The left-handed trefoil knot The right-handed trefoil knot
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Knot Theory: Knots and Links

@ In terms of the Gauss linking integral,

1 v (X_y)p
Ik(ﬁa,/:,@) = Ef/; dx“yi d_y €HVPW,
a B

where the distance |x — y| is computed by means of the flat (Euclidean)
metric of M.

@ This integral is well-defined and finite except near x = y.
o a = f (self-linking)?
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Knot Theory: Knots and Links

@ The framing of a link £ C M is a normal vector field n on L, such that
np & TpL forall pe L.

@ Displacing L slightly in the direction of framing, one gets a new link, called a
framed link, L¢, in the tubular neighbourhood of £ (tubular neighbourhood
L is simply a torus whose core is £).

7/ HO®

(A) Knot Diagram (B) Framed Knot ) Blackboard Framing
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Knot Theory: Knots and Links

o Self-linking number/cotorsion/writhe is the linking number of a link and
its framing, Ik(L, Lr).

@ Also defined as a t-fold twist in the framing of L.

o(L) = Ik(L, Lf) = t(L)

1 (x—y)
= — H v
AL = o fﬁ o 7§ W |y
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Knot Theory: Knots and Links

Polynomial invariants

o Jones polynomial of an oriented link £, V(L) or V~(t), is the Laurent
polynomial in t1/2 with integer coefficients, defined by

VE(t) = (~A) >O)(D) e 72, /7

/2= p—2

o Laurent polynomial over a field [F:

p=> put', p€F
kel

o Kauffman bracket maps a diagram D to (D) € Z[A™!, A], characterised by

Q0 (O)=1
Q@ (DU Q)= (A= A)D)
Q (Dy) = A(Do) + A~*(Dxo)

K XHCX
D, D D, D,
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Knot Theory: Knots and Links

Jones polynomial, V(L) or V%(t), is a function,
V : {oriented linksin M} — Z[t71/2 1/2],

which is defined by the axioms:

@ Invariance: V(L) is invariant under ambient isotopy of £, i.e. if £1 and L5
are ambient isotopic, then V(£1) = V(L,).

@ Normalisation: V() = 1.

© Skein relation: Whenever three oriented links £, £L_, Ly are the same
except in the neighbourhood of a point where they differ as in the oriented
Conway triple, then we have the skein relation,

tTIV(LL) — V(L) 4 (7Y = /2 V(L) = 0.

XX )

L,

16/38



Knot Theory: Knots and Links

Example: 2 unknots

CO CQ OO0

L. Ly LO

tTIV(Ly) — tV(L) + (72 = tY2) V(L) = 0
V(£y)=1= V(L")
= V(Lo) = —(tY2 +t71/?)
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Knot Theory: Knots and Links

Example: Hopf link

Li ;:/) @jo
V(L) — V(L) + (72— tY2)V(Ly) =0

V(L) + (P V) (V2 -2 =0
= V(L) = —t2(1+t?)
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Knot Theory: Knots and Links

More generally:
HOMFLY(PT) polynomial, P(L) or P*(q, )\), of an oriented link £ is defined
by the following three axioms:

@ Invariance: P(L) is invariant under ambient isotopy of L.
@ Normalisation: P(Q) = 1.
© Skein relation: g 1P(Ly) — qP(L_) = AP(Lo).
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Chern-Simons Theory: A TQFT

Chern-Simons action

k 2
5:7/ Tr(ANdA+ SANANA)
A7 M 3

k y 2
= E/d3x e"P Tr(ALO A, + gAuAl,Ap)
@ Compact, oriented three-manifold M with a compact simple gauge group G
o Non-abelian & topological invariant (no metric)

@ k: level (inverse coupling constant) of the CS theory
(k € Z for compact, connected, simple gauge group G)

@ Gauge theory: its classical configuration on M with gauge group G is
described by a principal G-bundle over M

° g:0:>FEdA+A/\A:0:>ﬂat G-bundle
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Observable

@ Holonomy - measure flat connection A? Local observable made of F?
° ﬁ(@h ...0;) =0 for a set of operators O, ..., O

in

@ Wilson loop around a non-contractible loop:

W(A) = Tr Hol(A) = Tr Pexp(% A)
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Chern-Simons Theory: A TQFT

TN

START EnD

START Envp

START

Wilson loop around a knot K:
WE(A) = Tre Pexp(?( A)=Trg Pexp(}l{ Adx')e G
K K
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Chern-Simons Theory: A TQFT

“Vortex Atoms”, 1867
Lord Kelvin (William Thomson): atoms are knotted vortices in aether

Peter Tait: classification of knots up to 10 crossings
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Chern-Simons Theory: A TQFT

Wilson loop around a knot K:
WE(A) = Trg Pexp(}{ A) =Trg Pexp(j{ Aidx'ye G
K K

Partition function of a link L:

. L
Zre (L) = / DAeS ([T Whe)

a=1

Correlation function of a link L:
1 o+
a=1

Z(M) = / [DA] e®
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Jones Polynomial from CS Theory

o M = S3 with a link £ embedded in it
@ Wilson loop in the fundamental representation (R = O) of G = SU(2)

Goal: find the skein relation of Jones polynomial for L,

tTIV(LL) — V(L) + (Y2 = tY2) V(L) = 0
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Knot Polynomial Invariant from CS Theory

Step I: Surgery — cut the manifold

M, M,

@ draw a small sphere S? about a crossing
@ cutting the sphere, we perform a Heegaard splitting on M

@ simple piece M (interior of S?) & complicated piece M (exterior of S?
with complicated details)

e boundaries OMpg = M/ = S?, of opposite orientations

e on OMpg: 4 marked points indicating the intersections of £ with S?,
connected by two lines in the interior of the 3-ball
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Knot Polynomial Invariant from CS Theory

Step II: Quantisation

@ associate 2-dimensional physical Hilbert spaces Hgr and H; (canonically dual
to each other) to OMg and OM,

@ path integrals on Mg and M/ give vectors ¥ and x in Hgr and H,

o before gluing back the manifolds, act on the boundary Mg with a
diffeomorphism K, ¢ — Ky
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Step I1I: Surgery — glue the manifold
o connected sum: M = M #Mg/X1/ X2
@ natural pairing: partition function Z(L£) = (x, Kv)

@ in a 2d vector space, any 3 vectors v, 11,1, in Hr obey a linear dependence
relation,

ap + By + 2 =0
aZ(L)+ BZ(L1) +vZ(L2) =0
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Knot Polynomial Invariant from CS Theory

Step IV: Find the coefficients o, 5 & ~

— =

e half-monodromy B: ), = By, 1, = B
two points undergo a half-twist/diffeomorphism about one another

@ matrix B acts in a 2-dimensional space & obeys a characteristic equation
B? —tr(B)B +det(B) = 0

o det(B)yY — tr(B)Y1 + 2 =0 [cf. aZ(L)+ BZ(L1) +~Z(L2) = 0]
o a=det(B), f=-tr(B), y=1
[Moore & Seiberg, Phy. Lett. B, 1988]
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Knot Polynomial Invariant from CS Theory

e a=det(B), B=-tr(B), y=1
@ need only the eigenvalues of B: \; = exp(in(2hg — hg))
hr: conformal weight of the WZW primary field corresponding to R

h L N =2 for SU(2)
RTON(k+N)
E;: irreps of SU(2), RER =E1 @ E;
hg,: weights of primary fields corresponding to R ® R

N+ N —2
hgy = ——— =

N(k + N)

N2 — N -2
hg, = ————+ N=2f 2
E N(k+ W) or SU(2)

@ A\ =exp (2( f2)>, Ay = —exp (%)
p

kij:Q) , B=—exp ( (k+2)) + exp (2(k+2)) y=1
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Knot Polynomial Invariant from CS Theory

Step V: Fix the change of framing

@ A twist is induced in the framing after the operation of half-monodromy B

1 =2

it\iki

@ Dehn twist reverts the framed link to its original framing
1IN

\

!

)

7

Dehn twist

3

e multiply with a factor exp(—2mihg) = exp (;3_’;’)

oa:—exp(ki"z), ﬂ:—exp(;igi>+1, *y:exp(;j_gi)
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Knot Polynomial Invariant from CS Theory

i

e mult. with exp(;75), subs. t = exp(
replace £, L1, Lo by L, Lo, L_

),

—tZ(Ly) + (£Y2 —t7Y2)Z(Lo) + t71Z(L_) =0

. e . . Z(£)
@ identification V(‘C) — Z(unknotted Wilson loop)

—tV(L) + (tY2 — V)V (Lo) + V(L) =0
e correlation function Wr...q(L) = Z(S3; £)/Z(S?)
ok t—t! c
W[\[\(E) =t ﬁ v (t)

[Marifio, hep-th/0406005]
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Knot Polynomial Invariant from CS Theory

Example: Unknot
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Knot Polynomial Invariant from CS Theory

CS theory, G = SU(2), fund. reps «— Jones polynomial

t—tt
Wo..o(£) = %5 <1t—1> VE(D),
2 — 2

[T R
>
|
]

Wo..o(L) = Nk£) (A
q

2mi N
Q—EXP(k+N>, A=gq

CS theory, G = SO(N), fund. reps +— Kauffman polynomial

CS theory, G = SU(2), higher dim. reps «— Akutsu-Wadati polynomials



3-Manifold Invariant from CS Theory

Partition function of S3

Gluing two solid tori (D x St), a-cycle to a-cycle and b-cycle to b-cycle.

oo O

Gluing two solid tori after an S-transformation. We consider the solid blue ball
U{co} as S3, in which there is a brown solid torus embedded.
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3-Manifold Invariant from CS Theory

S-matrix elements in the basis of integrable representations of the affine Lie
algebra associated to G = SU(2) at level k:

s yon (1)

Z(S? x SY) = (0j0) =1

Z(5%) = (0/5[0) = So0 = \/Z sin (kiz)

_Z(8%0) _(0SIR)  Sor _ Swm
WolO)="Z&) = 055[0) ~ %0~ %0

24 4712 —exp ( 2mi )

k+2
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Framing Dependence of Links and Manifolds

Links and manifolds are assumed to be framed

e Link: fix a trivialisation of its normal bundle in link £ (standard/blackboard
framing of £)
e Manifold: fix a trivialisation of the tangent bundle (parallelisable manifold,

admitting a global field of frames/linearly independent vector fields at each
point)
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