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You are a victim of your own neural architecture
which doesn’t permit you to imagine anything outside of three dimensions.

Even two dimensions.
People know they can’t visualise four or five dimensions,

but they think they can close their eyes
and see two dimensions.

But they can’t.

Leonard Susskind
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Abstract

The four-dimensional N = 4 super Yang-Mills (SYM) theory serves as a toy model with
rich symmetries in the attempts to solve the hadronic physics described by Quantum
Chromodynamics (QCD). It appears that N = 4 SYM can be solved exactly in the
planar limit. The miracle which leads to the solution of N = 4 SYM is generally called
integrability. Through the AdS/CFT correspondence which relates certain pairs of models,
similar integrable structures are found in the type IIB superstring theory on the AdS5×S5

background. Proving such duality is not a simple task, but the discovery of integrability
in the planar AdS/CFT has allowed us to reach immense progresses in understanding
and confirming the duality. This dissertation presents a pedagogical introduction to the
concepts of integrability and of both sides of the AdS5/CFT4 correspondence. Classical
and quantum integrability of the dual theories are also briefly discussed with some
astonishing established results.
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Chapter 1

Introduction

The relation between gauge theories and string theory is a long-standing unsolved problem
in theoretical physics. Understanding this relation is a great step to handle gauge theories
at strong coupling and consistently include gravity into the picture of quantum field theory.
This introductory chapter presents the motivations to study the two essential concepts
which will be explored in this dissertation, i.e. integrability and anti-de Sitter/conformal
field theory (AdS/CFT) correspondence.

Integrability

Soon after Newton’s equations were formulated and the Kepler problem was solved
exactly by Newton himself, finding exact solutions for other nontrivial cases has been a
major interest. Nevertheless, only a handful of problems could be treated exactly. In the
1800s Liouville refined the notion of integrability for Hamiltonian systems, providing a
general framework for solving particular dynamical systems by quadratures. However,
it was not until a decade later that Gardner, Green, Kruskal, and Miura invented the
classical inverse scattering method that successfully solve the Korteweg-de Vries (KdV)
equation1 [51].

The quantum analogue of the inverse scattering method, known as algebraic Bethe
ansatz2, was established in 1979 by the Leningrad - St. Petersburg school, led by Ludwig
Faddeev, with Korepin, Kulish, Reshetikhin, Sklyanin, Semenov Tian-Shansky, Takhtajan,

1KdV equation – an exactly solvable nonlinear partial differential equation (PDE) – models the
surface waves on shallow water. It is well-known as a prototype of an exactly solvable model.

2The German word ansatz means an approach or method of making an educated guess for the solution
that is later verified by its results.
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and many others. This systematic approach to integrable3 quantum mechanical systems
has the power of unifying integrable quantum field theories and lattice spin systems
in a single mathematical framework, and reformulate (1 + 1)-dimensional problems in
Drinfeld and Jimbo’s theory of quantum groups [38].

Although integrability and solvability often go hand-in-hand making integrable theories
so appealing, it is probably worthwhile mentioning that the two terms are not the same.
There exist exactly solvable systems which are not integrable, as well as integrable
systems which one cannot solve to the very end. Solvability depends on one’s ability
and computational power, whereas integrability4 rather refers to the conservation laws
and property of a system to exhibit regular (quasi-periodic) or chaotic behaviour. This
indeed provides general mathematical methods for an exact solution of a problem.

Why integrability?

Integrability is a phenomenon largely restricted to (1 + 1)-dimensional systems. One can
ask, what is good in (1+1)-dimensional models, when our spacetime is (3+1)-dimensional.
There are several particular answers [43] provided by L. Faddeev to this query.

(i) The toy models in (1 + 1) dimension teach us about the realistic field-theoretical
models in a nonperturbative way. Indeed phenomena such as renormalisation,
asymptotic freedom, dimensional transmutation (i.e. the appearance of mass via
the regularisation parameters) hold in integrable models and can be described
exactly.

(ii) There are numerous physical applications to a multitude of widely differing problems
in the condensed matter physics, superconductivity models, nonlinear optics, and
mathematical physics.

(iii) The formalism of integrable models showed several times to be useful in the modern
string theory, in which the world-sheet is 2-dimensional. Moreover, the conformal
field theory models are special massless limits of integrable models.

(iv) The theory of integrable models teaches us about new phenomena, which were not
appreciated in the previous developments of Quantum Field Theory, especially in
connection with the mass spectrum.

3The adjective integrable stems from a paper of Faddeev and Zakharov of 1971 where the KdV
equation was shown to be interpreted as an integrable (though infinite–dimensional) Hamiltonian system.

4Integrability in the quantum mechanical sense implies specific properties of the scattering theory
and of the spectrum.
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(v) Working with the integrable models is a delightful pastime. They proved also to
be very successful tool for the educational purposes.

AdS/CFT Correspondence

In the last twenty years, string/gauge duality (or more precisely AdS/CFT duality), and
relevant holographic5 concepts, have become a dominant area in fundamental physics.
The basic idea is that a gravitational theory6, defined on a (D+1)-dimensional spacetime
(the bulk) is equivalent to a gauge theory (CFT), defined on a D–dimensional spacetime
(the bulk’s boundary). This equivalence is expressed by a correspondence or dictionary
between the observables and quantities of one theory and those of the other.

Why AdS/CFT?

Much of the interest in the duality arises from the facts that:

(i) The duality dictionary is a good source for holographers to translate two distinct
concepts into each other. For instance, a direction in the bulk spacetime is translated
as the direction of the renormalisation group flow in the boundary theory.

(ii) Each theory is useful to help solve problems in the other. In particular, a strong
coupling regime in one theory, where problems are difficult to solve by perturbative
methods, can be translated into the weak coupling regime of other theory, where
problems are easier to solve, and vice versa.

5The physics of the bulk adequately encoded in the boundary is reminiscent of holography: hence the
use of the term.

6A gravitational theory does not literally mean Einstein gravity, but is rather a theory on dynamical
spacetime, for example, string theory on anti-de Sitter (AdS) spactime.



4 Introduction

Outline

Integrability in AdS/CFT relates two theories living in different dimensions with different
fields content to an integrable system in one dimension (in particular, spin chain). This
dissertation focuses on the emergence of integrability in the AdS5/CFT4 system, and is
organised into three main parts.

In Part I, we will convey a qualitative understanding of integrability, i.e. how and
why it works in classical and quantum regimes. In order to supplement the main text,
some background aspects of the superconformal algebra psu(2, 2|4) will be presented in
the appendix section.

In Part II, we introduce the best understood example in CFT – the maximally
supersymmetric SU(N) Yang-Mills theory in (3 + 1) dimensions (or the so-called N = 4
SYM). We will then discuss the emergence of integrability in the N = 4 SYM theory to
one loop order.

In Part III, we first explore the dual description of AdS5/CFT4 in terms of type IIB
superstring theory on AdS5 × S5 spacetime. We shall also outline the principle behind
AdS5/CFT4 which conjectures the equivalence of the N = 4 SYM theory and AdS5 ×S5

IIB superstring theory, albeit AdS/CFT still lacks a formal proof. To conclude this
part, we investigate the integrability of classical IIB superstring theory on AdS5 × S5

spacetime. This will indeed prove some features that both theories have in common, and
hence confirming the AdS5/CFT4 conjecture.

Several important remarks will be summarised in the last chapter. In addition to
that, a list of topics which were uncovered in the present dissertation and interesting
open questions will be presented in the concluding chapter.

Integrability of AdS/CFT. This illustration is adapted from [14].
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Chapter 2

Classical Integrable Systems

Korteweg-de Vries (KdV) model.

2.1 Hamiltonian Dynamical Systems

We start by considering a classical dynamical system in Hamiltonian formulation where
a point particle with mass m moves in a potential U(q), where q = (q1, . . . , qn), and has
the momentum p = (p1, . . . , pn), where pi = mqi, i = 1, 2, . . . , n. The phase space M
of dimension 2n is then defined by a set of coordinates qi and momenta pi. Having the
Hamiltonian7 of the system,

H = − p2

2m + U(q), (2.1)

the Newton equations that describes the motion of the particle,

mq̈i = −∂U

∂qi
. (2.2)

can be rewritten as two first-order differential equations,

q̇i = ∂H

∂pi

, ṗi = −∂H

∂qi
. (2.3)

7A Hamiltonian H can be thought of as a function mapping the phase space M to a real space,
H : M −→ R.
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Equation (2.3) are the Hamilton’s equations of motion which a solution of the system,
i.e. a curve (qi(t), pi(t)) in phase space obeys. Further, we can rewrite the Hamilton’s
equations as

ẋ = Ω · ∇H, (2.4)

where we have introduced two 2n-dimensional vectors x and ∇H, and a 2n× 2n nonsin-
gular and skew-symmetric symplectic matrix Ω,

x =
qi

pi

 , ∇H =
∂H

∂qi

∂H
∂pi

 , Ω =
 0 1

−1 0

 . (2.5)

The symplectic matrix Ω motivates us to define the Poisson brackets8 on the space of
differentiable functions on M, F(M),

{f, g}(x) = (∇f,Ω∇g) = Ωαβ∂αf∂βg = ∂f

∂qi

∂g

∂pi

− ∂f

∂pi

∂g

∂qi
, α, β = 1, 2. (2.6)

The Poisson brackets allow us to write the evolution equation of a function f(q, p, t),
evaluated on a solution (qi(t), pi(t)), in a compact fashion,

df

dt
= ∂f

∂t
− {H, f}. (2.7)

For a time-independent Hamiltonian, ∂H
∂t

= 0, the function H(q, p) is an integral of
motion or a conserved quantity, i.e.

dH

dt
= ∂H

∂t
− {H,H} = 0. (2.8)

Therefore, the solutions (or motions of the system) are constrained to a hypersurface9 of
M with H(q, p) = E, where E is constant energy.

8The Poisson brackets are defined by the canonical relations of its basis elements {xi, xj} = Ωij

which can be written as {qi, pj} = δi
j and {qi, qj} = {pi, pj} = 0. The brackets are anti-symmetric, obey

the Jacobi identity for arbitrary phase space functions f, g, k, and satisfies the Leibnitz rule,

{f, g} = −{g, f},
{f, {g, k}} + {g, {k, f}} + {k, {f, g}} = 0,

{f, gk} = {f, g}k + g{f, k}.

9A hypersurface is a smooth manifold of n− 1 dimension, which is embedded in an n-dimensional
space and defined by a single implicit equation (at least locally).
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The Hamilton’s equations (2.3) can now be written as

{
H, qi

}
= ∂H

∂pi

, {H, pi} = −∂H

∂qi
. (2.9)

Since these are coupled nonlinear differential equations it is usually impossible to find the
exact solutions of the Hamilton’s equations for arbitrary initial data qi(0), pi(0). However,
there are special cases where analytic solutions exist, which are closely related to the
existence of integrals of motion (conserved quantities) which remain constant along the
particle trajectories.

For any (time-independent) integrals of motion fj(q, p), we have dfj

dt
= 0 if and

only if {H, fj} = 0. Thus the integrals of motion correspond to functions constrained
to fj = cj constant on an even lower dimensional hypersurface, called a level set,
Mc := {x ∈ M : fj(x) = cj}. Note that the Hamiltonian H is also in the level set where
one may identify f1 = H. This leads us to the Liouville theorem.

Theorem 2.1 (Liouville theorem). A system with 2n-dimensional phase space M is
(Liouville) integrable if it is solvable by quadratures. In other words, it is sufficient
to solve the Hamilton’s equations by solving a finite number of algebraic equations and
integrals, instead of solving differential equations, i.e. the equations of motion.

The theorem essentially implies that a (Liouville) integrable system must have n indepen-
dent, everywhere differentiable, integrals of motion fi which are in involution or Poisson
commute with each other: {fi, fj} = 0.

2.2 Lax Pairs and Classical r-matrix

We shall introduce two prominent structures for integrable models that will help us solve
a model. These will appear later in the context of integrable field theories (see section
2.3). Using the two structures, the Poisson bracket can be recast in a suitable form that
displays the symmetry structure of a model.

Lax pair. Suppose a pair of square matrices L,M whose entries are functions of phase
space, i.e. L = L(q, p),M = M(q, p), such that the Hamilton’s equations can be recast
in the Lax equation

L̇ = [M,L], (2.10)
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where · denotes the total time derivative, then the two matrices L,M are said to form a
Lax pair or Lax representation10. The solution of the Lax equation is

L(t) = g(t)L(0)g(t)−1, (2.11)

with an invertible matrix g(t) that also depends on the phase-space variables and is
determined from the equation

M(t) = ġg(t)−1. (2.12)

To solve the eigenvalue problem LX = λX at time t, it is the same to solve the problem
at time 0 where L is known, and to propagate the solution with the conditions

λ(t) = λ(0) (no change in spectrum),
∂tX = MX,

(2.13)

where X is an eigenfunction of L. Notice that the Lax pair is not unique, as there is at
least a gauge freedom

L −→ gLg−1, M −→ gMg−1 + ġg−1. (2.14)

The non-uniqueness of L can be shown by taking the time-derivative of L,

L̇ = ġLg−1 + g[M,L]g−1 − gLg−1ġg−1 =
[
gMg−1 + ġg−1, gLg−1

]
= [M,L]. (2.15)

We can immediately see that the trace of power of the matrix L generates a tower/set
of integrals of motion fn,

fn ≡ trLn ∀n > 0, (2.16)

which are indeed conserved by simply opening up the commutator and using the cyclicity
of the trace

ḟn = n tr(Ln−1L̇n) = n tr(Ln−1[M,L]) = tr[M,Ln] = 0. (2.17)

Therefore, the integrals f are functions of the eigenvalues of the matrix L.
A simple example to illustrate the integrals of motion will be a harmonic oscillator

10Lax pairs were introduced by Peter Lax in a seminal paper in 1968 to discuss solitons in continuous
media [69]. In layman’s terms, a soliton or solitary wave is caused by a cancellation of nonlinear and
dispersive effects in a medium. Its shape maintains while propagating at a constant velocity in the
medium. The first account of solitons goes back to John Scott Russell in 1834.
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with frequency ω. The Hamiltonian of the harmonic oscillator is

H = 1
2p

2 + ω2

2 q2. (2.18)

One can choose

L =
 +p ωq

ωq −p

 , M =
 0 −1

2ω

+1
2ω 0

 . (2.19)

The Lax equation ṗ ωq̇

ωq̇ −ṗ

 =
 0 −1

2ω
1
2ω 0

 p ωq

ωq −p

−

 p ωq

ωq −p

 0 −1
2ω

1
2ω 0


=
 −ω2q ωp

ωp ω2q

 (2.20)

gives the equations of motion of the harmonic oscillator

ṗ = −ω2q, q̇ = p, (2.21)

and the resulting integrals of motion read

f1 = 0,
f2 = 2p2 + 2ω2q2 = 4H,
f3 = 0,

f4 = 2
(
p2 + ω2q2

)2
= 8H2,

· · · .

(2.22)

f1 and f3 are trivial and can be ignored. The first and only independent integral of
motion f2 is the Hamiltonian H = 1

4 trL2. The higher even powers are merely powers of
the Hamiltonian which are not independent integrals of motion.

Classical r-matrix. Since the eigenvalues of L are independent of time, the evolution
of the system is called isospectral. To ensure that the conserved eigenvalues of L are
in involution, we consider the general form of the Poisson bracket between the matrix
elements of L and suppose that L is diagonalisable, i.e.

L = UΛU−1, (2.23)
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we obtain

{L1, L2} =
{
U1Λ1U

−1
1 , U2Λ2U

−1
2

}
= {U1, U2} Λ1U

−1
1 Λ2U

−1
2︸ ︷︷ ︸

1

+U2 {U1,Λ2} Λ1U
−1
1 U−1

2

− U2Λ2U
−1
2 {U1, U2}U−1

2 Λ1U
−1
1︸ ︷︷ ︸

2

+U1 {Λ1, U2}U−1
1 Λ2U

−1
2

− U2Λ2U
−1
2 U1 {Λ1, U2}U−1

2 U−1
1 − U1Λ1U

−1
1 {U1, U2}U−1

1 Λ2U
−1
2︸ ︷︷ ︸

3

− U1Λ1U2U
−1
1 {U1,Λ2}U−1

1 U−1
2 + U1Λ1U

−1
1 U2Λ2U

−1
2 {U1, U2}U−1

1 U−1
2︸ ︷︷ ︸

4

,

(2.24)
where we have assumed that the eigenvalues commute {Λ1,Λ2} = 0. Introducing

k12 = {U1, U2}U−1
1 U−1

2 , q12 = U2 {U1,Λ2}U−1
1 U−1

2 , q21 = U1 {U2,Λ1}U−1
1 U−1

2 ,

(2.25)
we can write

{L1, L2} = k12L1L2︸ ︷︷ ︸
1

+q12L1 − L2k12L1︸ ︷︷ ︸
2

−q21L2

+ L2q21 − L1k12L2︸ ︷︷ ︸
3

−L1q12 + L1L2k12︸ ︷︷ ︸
4

= [k12L2 − L2k12, L1]︸ ︷︷ ︸
1,2,3,4

+ [q12, L1] − [q21, L2]

= 1
2 [[k12, L2] , L1] − 1

2 [[k21, L1] , L2] + [q12, L1] − [q21, L2]

= [r12, L1] − [r21, L2] ,

(2.26)

where we have introduced the r-matrix

r12 = q12 + 1
2 [k12, L2] . (2.27)

For the Jacobi identity to hold for the bracket, we impose the following condition:

[L1, [r12, r13] + [r12, r23] + [r32, r13] + {L2, r13} − {L3, r12}] +
[L2, [r13, r21] + [r23, r21] + [r23, r31] + {L3, r21} − {L1, r23}] +
[L3, [r31, r12] + [r21, r32] + [r31, r32] + {L1, r32} − {L2, r31}] = 0.

(2.28)

Solving this equation for r is equivalent to classifying integrable systems. If r12 is a
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constant, independent of the dynamical variables, and antisymmetric, r12 = −r21, then a
sufficient condition for the Jacobi identity to be satisfied is

[r12, r13] + [r12, r23] + [r32, r13] = 0. (2.29)

This equation is called the classical Yang-Baxter equation (CYBE). Notice that
the r-matrix is not uniquely defined by the equation, much like for the Lax pair.

Matrices L1 and L2 can be regarded as elements of some matrix algebra g: L1, L2 ∈
g = End(V ). Equation (2.26) is defined on the tensor product space g⊗g of two matrices,
i.e. L1 := L⊗ 1, L2 := 1 ⊗L, and the classical r-matrix r12 is a particular element of this
space whose matrix entries are functions of phase-space variables. Also, r21 := P (r12)
denotes the permutation of the two spaces for the r-matrix.

The most interesting case (present in integrable field theories) is when the Lax pairs
depend analytically on an auxiliary complex variable u, called the spectral parameter,
which is not directly related to the dynamics of the model. This means that we can
find in some cases a family of Lax pairs L1(u), L2(u), parameterised by u, such that the
equations of motion are equivalent to the condition

L̇1(u) = [L2(u), L1(u)] ∀u ∈ C. (2.30)

There are more constraints on this functional equation compared to the Lax equation
without spectral parameter. This comes handy in mechanical systems with infinitely many
degrees of freedom whose equations of motion could be formulated by a finite-dimensional
Lax pair. The expansion of the fn(u) in u can yield infinitely many independent integrals
of motion which are needed for integrability of such models. By making use of the
analytical structure of L(u) in the complex spectral parameter u we can transform a
mechanical system to a problem of complex analysis that ease the investigation of the
dynamics.

The classical r-matrix can also be generalised to admit spectral parameters. It is now
a function r12 (u1, u2) of two spectral parameters u1, u2 ∈ C associated to each of the two
related Lax matrices. The Lax equation now reads

{L1 (u1) , L2 (u2)} = [r12 (u1, u2) , L1 (u1)] − [r21 (u2, u1) , L2 (u2)] . (2.31)
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2.3 Integrable Classical Field Theory

We now generalise the classical finite-dimensional systems to (1 + 1)-dimensional fields
ψ(t, x). If we take a time slice, then a field can be Taylor or Fourier expanded leading
to infinitely many independent coefficients. Therefore, the phase space for fields is
infinite-dimensional, and thus integrability requires infinitely many conserved quantities
in involution. When the number of degrees of freedom becomes infinite, the definition of
integrability, based on the Liouville theorem, is unclear. We will be satisfied with the
availability of efficient constructive methods for solutions. Whether or not a model is
formally integrable will be of little concern.

Although most field theory models are non-integrable, there are several well-known
models that are integrable, such as Korteweg-de Vries (KdV) equation, nonlinear
Schrödinger equation, sine-Gordon equation, and classical Heisenberg magnet (Landau-
Lifshitz equation). Among the important boundary conditions for these models are

• infinite spatial extent with rapidly decaying fields (or derivatives): ψ(x, t) → 0 as
|x| → ∞,

• closed or periodic boundary conditions: ψ(x+ 2π, t) = ψ(x, t),

• open boundaries with Dirichlet or Neumann conditions: ψ = constant or ψ′ = 0.

For a general field theory, we introduce a spectral-parameter dependent Lax pair that
serves as a local object in field theory, which is called the Lax connection U(x, t, u)
and V (x, t, u). The spectral parameter u here is a continuous parameter whose Taylor
expanding the Lax connection in u will lead to an infinite tower of conserved quantities.
The Lax connection satisfies the flatness or zero-curvature condition for all u (which is
equivalent to the Euler-Lagrange equations),

∂tU − ∂xV + [U, V ] = 0. (2.32)

This condition arises from the consistency condition for the auxiliary linear problem,

∂xψ = U(x, t, u)ψ,
∂tψ = V (x, t, u)ψ.

(2.33)

as can be seen by applying ∂t to the first equation, ∂x to the second equation,

∂t∂xψ = ∂tU(x, t, u)ψ + U(x, t, u)∂tψ = [∂tU(x, t, u) + U(x, t, u)V (x, t, u)]ψ,
∂x∂tψ = ∂xV (x, t, u)ψ + V (x, t, u)∂xψ = [∂xV (x, t, u) + V (x, t, u)U(x, t, u)]ψ,

(2.34)
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and subtracting the two. If we introduce a gauge field Lα with components Lx = U,Lt =
V, then we have the condition of vanishing of the curvature of Lα,

Fαβ(L) ≡ ∂αLβ − ∂βLα − [Lα,Lβ] = 0. (2.35)

The one-parameter family of the flat connections allows us to define the monodromy
matrix T (u) which is the path-ordered exponential of the Lax component U(u),

T (u) = P exp
∫ s+

s−
dxU(u) = P exp

∫ 2π

0
dxU(u), (2.36)

where P denotes a path-ordering operator with greater x to the left, s− and s+ are two
points on the spatial line, taken to be 0 and 2π here. As the Lax connection is really
a connection11, T (u) can be thought of as implementing a parallel transport along a
compact segment [0, 2π].

Let us derive the time evolution equation for this matrix. We get

∂tT (u) =
∫ 2π

0
dxP e

∫ 2π

x
dy U (∂tU) P e

∫ x

0 dy U

=
∫ 2π

0
dxP e

∫ 2π

x
dy U (∂xV + [V, U ]) P e

∫ x

0 dy U

=
∫ 2π

0
dx ∂x

(
P e

∫ 2π

x
dy UV P e

∫ x

0 dy U
)

= V (2π, t, u)T (u) − T (u)V (0, t, u)
= [V (2π, t, u), T (u)],

(2.37)

where we used the flatness of Lα ≡ (U, V ) in the second line and assumed the periodic
boundary conditions on the fields, V (0, t, u) = V (2π, t, u), in the last line. This implies
that the trace of T (u), called the transfer matrix,

t(u) ≡ trT (u) (2.38)

is conserved for all u. One can easily see that the eigenvalues of T (u) generate a family
of conserved charges Qn upon Taylor-expanding in u if t(u) is analytic near the origin,

t(u) =
∞∑

n=0
Qnu

n, ∂tQn = 0,∀n > 0, (2.39)

11A connection specifies how tensors are transported parallelly along a curve.
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or Laurent-expanding around some point u = ∞,

t(u) =
∞∑

n=0

Qn

un
, ∂tQn = 0,∀n > 0. (2.40)

Therefore, the monodromy matrix encodes the spectral properties of the model and is the
starting point for the construction of the integrable structure. Both Lax connection and
monodromy matrix are used in the inverse scattering method (a nonlinear analogue of the
Fourier transform) to recover a potential from the scattering matrix in integrable models,
as opposed to the direct scattering method of finding the scattering matrix from the
potential. We recommend to the serious reader to study the inverse scattering method in
[103].



Chapter 3

Quantum Integrable Systems

A closed Heisenberg XXX1/2 spin chain.

3.1 Quantum Integrability

A common procedure to quantise an integrable dynamical system is to replace a phase
space by a Hilbert space, and the variables q, p, the Hamiltonian H, and the Poisson
bracket by

q 7→ q̂, p 7→ p̂, H 7→ Ĥ, { , } 7→ i
~

[ , ] (3.1)

where all the operators are Hermitian operators and [ , ] denotes a commutator. A
straightforward definition of quantum integrability will be

Definition 3.1. A system is quantum integrable if
[
Ĥ, Ôi

]
= 0,

[
Ôi, Ôj

]
= 0 ∀i, j (3.2)

where operators Ôi, Ôj for i, j = 1, 2, . . . , n can be diagonalised simultaneously with Ĥ.



3.1 Quantum Integrability 17

This definition of quantum integrability is, however, a bit sketchy. It is only valid for
a sequence of consecutive two-body scattering processes, described by the non-diffractive
part of the n-particle wavefunction in the asymptotic region,

Ψ asymp (x1, x2, . . . , xn) ∼
∑

σ∈Πn

Ψ(σ) exp i
(
pσ(1)x1 + . . .+ pσ(n)xn

)
+Ψ difractive (x1, x2, . . . , xn) for x1 ≪ x2 ≪ . . . ≪ xn,

(3.3)

where σ denotes an element of the permutation group Πn. The diffractive part contributes
to the state of the system after three- and many-body processes. Consequently, the
non-diffractive part of the wavefunction is fully determined by the two-body S-matrix.
This fact allows for a more precise definition of the quantum integrability, i.e.

Definition 3.2. A quantum system that supports scattering is integrable if and only if
the scattering of the particles is non-diffractive,

Ψdiffractive (x1, x2, . . . , xn) = 0 ∀n. (3.4)

This indeed implies that no particles are being created or annihilated in a scattering
process; see also the discussion in [85].

To solve the model we need to find the resulting spectrum of Ĥ and Ôi. Unfortunately
there is no quantum analogue of Liouville theorem but the spectrum can often be obtained
exactly using a set of techniques known as the Bethe ansatz.

The term “Bethe ansatz” is simply a code name for a wavefunction with a specific
structure, much as the Hartree, Hartree-Fock and Slater-Jastrow wavefunctions denote
other kinds of structure. Although the structure of Bethe ansatz is well-defined in
quantum mechanics, it does persist in the classical systems. There are several different
constructions of Bethe ansatz:

• Coordinate Bethe ansatz. This method was originally put forward by Hans Bethe
in 1931 to solve the spin-1

2 XXX Heisenberg model of magnetism [25] (see section
3.3).

• Algebraic Bethe ansatz. The coordinate Bethe ansatz totally obscures why a given
Hamiltonian is integrable despite being very physical and widely applicable. It was
realised in the late 1970’s and early 1980’s that the coordinate Bethe ansatz can be
formulated in a rather systematic way to solve more general classes of integrable
models. The technique is known as the algebraic Bethe ansatz which can solve
exactly the spectral problems connected with the Yang-Baxter algebra. It is also
known as the quantum inverse scattering method [44].
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• Functional Bethe ansatz. The algebraic Bethe ansatz is only applicable if there exists
a pseudo-vacuum. It certainly fails for models like the Toda chain, which has no
pseudo-vacuum. In 1990, E. Sklyanin [96] devised another powerful technique – the
functional Bethe ansatz – which has a transparent connection with the traditional
separation of variables.

• Nested Bethe ansatz. Solving models with internal degrees of freedom proved to
be very hard, because scattering involves changes of the internal states of scatters.
The generalization of the Bethe ansatz to this problem was eventually solved by C.
N. Yang and M. Gaudin by means of the so-called nested Bethe ansatz [52].

• Asymptotic Bethe ansatz. Most of the finite volume integrable systems cannot be
solved by the Bethe ansatz techniques. This method provides the leading finite-size
correction to the wavefunction, energy levels, etc. for systems in infinite volumes.
It is introduced and extensively studied by B. Sutherland [100].

• Thermodynamic Bethe ansatz. This technique is designed to calculate the energy
levels and to investigate the thermodynamic properties of finite volume integrable
systems. It is originated from the work of Yang and Yang applied for spin chains
and for the Bose gas with δ interaction (the Lieb-Liniger model) [107, 108].

3.2 Heisenberg XXX1/2 Spin Chain

We shall discuss the simplest model of quantum integrable system (no, it is not the
quantum harmonic oscillator!). This model is called the Heisenberg XXX1/2 spin chain,
which was solved exactly by a young postdoc H. Bethe during a research stay in Rome
in 1931. The spin chain is not just a toy model. It is a 1D model of magnetism which
describes the dominant physical behaviour in some metals and crystals. They also have
many parameters to tune and can be treated uniformly. The short chains are genuine
quantum mechanical models, while long chains approximate (1 + 1)D quantum field
theories.

A spin chain is simply a 1D lattice with L lattice sites, and a spin-1
2 particle (for

instance, an electron) is positioned on each site, labelled by the index l, with nearest
neighbour spin-spin interaction. Each particle can have either spin up or down,

| ↑⟩ =
 1

0

 , | ↓⟩ =
 0

1

 (3.5)
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and is therefore in a linear state α| ↑⟩ + β| ↓⟩ generating a 2D local Hilbert space Vl. In
other words, a spin can be described by an element of the local Hilbert space Vl = V = C2

for each l,
−→x =

 x1

x2

 , x1, x2 ∈ C. (3.6)

Therefore, we have a spin chain of length L (i.e. with L particles) whose states live in
the full Hilbert space H of dimension 2L,

H = V ⊗L =
⊗

L

C2 =
1
↓

C2 ⊗ . . .⊗
l
↓

C2 ⊗ · · · ⊗
L
↓

C2 . (3.7)

We then have a homogeneous Hamiltonian operator, H : V ⊗L → V ⊗L, that acts on
nearest neighbours

Ĥ =
∑

l

Ĥl,l+1, Ĥl,k : Vl ⊗ Vk → Vl ⊗ Vk, (3.8)

where Ĥl,k is the two-site Hamiltonian. Strictly speaking, there are three Heisenberg spin
Hamiltonians that describe three possible topologies for a 1D chain,

Ĥ =
L−1∑
l=1

Ĥl,l+1 (open chain),

Ĥ =
(

L−1∑
l=1

Ĥl,l+1

)
+ ĤL,1 (closed chain),

Ĥ =
+∞∑

l=−∞
Ĥl,l+1 (infinite chain).

(3.9)

Notice that the closed chain, as depicted in Fig. 3.1, requires the periodic boundary
condition L + 1 ≡ 1. By definition, infinite chains will have a continuous spectrum,
whereas finite chains have a discrete spectrum.

Figure 3.1 A 1D closed Heisenberg XXX1/2 spin chain. A state of the spin chain can be
represented as |ψ⟩ = | ↑↑↓↑ · · · ↓↑⟩.
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We can set up a representation Ŝα, α = x, y, z, of the global spin algebra su(2) on
spin chains, which is generated by a linear combination of local spin operators that act
nontrivially on the lth space and trivially on the rest,

Ŝα =
L∑

l=1
1 ⊗ · · · ⊗ Ŝα

l︸︷︷︸
lthplace

⊗ · · · ⊗ 1. (3.10)

The local spin operators Ŝα
l acting on each site l, are realised in terms of the standard

Pauli matrices12, Ŝα = ~
2 σ̂

α, and satisfy the commutation relations
[
Ŝα

k , Ŝ
β
l

]
= i~δklϵ

αβγŜγ
l . (3.11)

They are also subject to the periodic boundary condition Ŝα
l ≡ Ŝα

l+L.
The Hamiltonian13 is then

Ĥ = −J
L∑

l=1

(
Ŝα

l Ŝ
α
l+1 − 1

41
)

= −J
L∑

l=1

( ˆ⃗
Sl · ˆ⃗

Sl+1 − 1
41
)
, (3.12)

where J is the coupling constant, and the constant (proportional to the identity matrix)
is subtracted for convenience and only shifts the energy levels by a factor. This model
is usually called the (isotropic) XXX1/2 spin chain. Notice that J < 0 models an
anti-ferromagnetic state whereas J > 0 models a ferromagnetic state.

What remains is finding the spectrum of the Hamiltonian Ĥ. In other words, since
the Hamiltonian is a finite size matrix, we find the eigenvalues E of the matrix Ĥ by
solving the characteristic equation

det(Ĥ − E1) = 0. (3.13)

One can notice that the size of the Hamiltonian is 2L × 2L. It is pretty much impossible
12The Pauli matrices are

σ̂x =
(

0 1
1 0

)
, σ̂y =

(
0 −i
i 0

)
, σ̂z =

(
1 0
0 −1

)
.

13A general Hamiltonian is of the form

Ĥ =
∑

l

(
JxŜ

x
l Ŝ

x
l+1 + JyŜ

y
l Ŝ

y
l+1 + JzŜ

z
l Ŝ

z
l+1

)
.

This is referred to as the anisotropic XY Z spin chain. In the case Jx = Jy it is called the XXZ spin
chain.
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to diagonalise it by brute force or numerical computation for large systems14. Moreover,
to deal with the physical thermodynamic limit L → ∞, the standard methods of linear
algebra break down. We come to a conclusion that we need some alternative analytic
methods to understand the spectrum.

3.3 Solving XXX1/2 Spin Chain: Coordinate Bethe
Ansatz

In what follows we choose ~ = 1. H. Bethe managed to find the exact solution of the
XXX1/2 spin chain model by making a clever educated guess for the eigenstates |ψ⟩ of
the spectral problem, with E as the energy eigenvalues,

Ĥ|ψ⟩ = E|ψ⟩, (3.14)

where
Ĥ = J

L∑
l=1

(1
41 − ˆ⃗

Sl · ˆ⃗
Sl+1

)
. (3.15)

This guess is nowadays called the coordinate Bethe ansatz.
We will briefly discuss Bethe’s solution of the XXX1/2 spin chain in this section; a

useful reference is [63]. The first step is to reduce the effective size of the Hamiltonian is
by looking at symmetries of the system. Observe that the Hamiltonian Ĥ commutes15

with the each spin operator Ŝα, which measures the total number of up or down spins,

[
Ĥ, Ŝα

]
= −J

L∑
l,k=1

[
Ŝβ

l Ŝ
β
l+1, Ŝ

α
k

]
= −J

L∑
l,k=1

[
Ŝβ

l , Ŝ
α
k

]
Ŝβ

l+1 + Ŝβ
l

[
Ŝβ

l+1, Ŝ
α
k

]

= −iJ
L∑

l,k=1

(
δlkϵ

αβγŜβ
l Ŝ

γ
l+1 − δl+1,kϵ

αβγŜγ
l Ŝ

β
l+1

)
= 0.

(3.16)

One can tell that the Hamiltonian is central with respect to all su(2) generators; thus,
the spectrum of the model will be degenerate – all states in each su(2) multiplet have
the same energy. We can now restrict to subsets of a fixed number of up (or down) spins.

14A genuine example of a large system is a 1D macroscopic crystal whose number of sites of the chain
L equals the number of atoms equals, say, Natom ∼ 106. The Hamiltonian is then a matrix of the size
2106 × 2106

, and equation (3.13) is an algebraic equation of degree 2106 !
15The identity operator commutes with all operators.
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It is customary to introduce the raising and lowering operators Ŝ±l = Ŝx
l ± iŜy

l where

Ŝ+ =
 0 1

0 0

 , Ŝ− =
 0 0

1 0

 (3.17)

whose action on the basis vectors | ↑⟩, | ↓⟩ are

Ŝ+| ↑⟩ = 0, Ŝ−| ↑⟩ = | ↓⟩, Ŝz| ↑⟩ = 1
2 | ↑⟩,

Ŝ+| ↓⟩ = | ↑⟩, Ŝ−| ↓⟩ = 0, Ŝz| ↓⟩ = −1
2 | ↓⟩.

(3.18)

Then we can rewrite the Hamiltonian as

Ĥ = JL

4 − J
L∑

l=1

1
2
(
Ŝ+

l Ŝ
−
l+1 + Ŝ−l Ŝ

+
l+1

)
+ Ŝz

l Ŝ
z
l+1. (3.19)

The trick of the coordinate Bethe ansatz is to consider a reference state (vacuum state)
and then flip some spins for which they behave like quasi-particles called magnons16;
they can hop between sites or stay put. The spectrum can then be organised in terms of
the number of flipped spins (magnons) M . For each value of M , we will first consider
the case of infinite chain L → ∞ and then return to the case of finite (closed) chain.

We claim that the spectrum can be found by solving the Bethe equations and
summing the energies of the different magnons.

Claim (Finite Closed Chain Bethe Equations). Consider a set of M algebraic equations
(Bethe equations) for the M variables uk ∈ C (Bethe roots or magnon rapidities)

(
uk + i

2
uk − i

2

)L

=
M∏

j=1
j ̸=k

uk − uj + i

uk − uj − i
for k = 1, . . . ,M. (3.20)

For every eigenstate of Ĥ there is a solution of the above equations with M ≤ L/2
distinct Bethe roots uk. The energy eigenvalue of this state reads

E = J
M∑

k=1

(
i

uk + i
2

− i

uk − i
2

)
. (3.21)

16The concept of a magnon was introduced in 1930 by Felix Bloch in order to explain the decrease of
the spontaneous magnetisation in a ferromagnet [27].
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Example. For L = 6,M = 3 (corresponding to a spin su(2) singlet), we have

u1,2 = ±

√
− 5

12 +
√

13
6 , u3 = 0, E = J(5 +

√
13). (3.22)

Proof. It is instructive to re-express Ĥ acting on a spin chain as

Ĥ = J
∑
l∈Z

Ĥl,l+1 = J
∑
l∈Z

(1l,l+1 − Pl,l+1) (3.23)

where 1 and P act only on neighbouring spins at sites l and l + 1 as the identity and
permutation operators respectively,

1l,l+1| · · · ↑
l

↓
l+1

· · · ⟩ = | · · · ↑
l

↓
l+1

· · · ⟩,

Pl,l+1| · · · ↑
l

↓
l+1

· · · ⟩ = | · · · ↓
l

↑
l+1

· · · ⟩.
(3.24)

To be explicit17, Pl,l,+1 = 1
21 + 2∑l∈Z Ŝ

α
l Ŝ

α
l+1.

Vacuum State (M = 0). The action of Ĥ on the ferromagnetic vacuum18 |0⟩ = | . . . ↑↑↑
. . .⟩ is trivial. Indeed,

Ĥl,l+1|0⟩ = 1l,l+1|0⟩ − Pl,l+1|0⟩ = |0⟩ − |0⟩ = 0. (3.25)

Therefore, Ĥ|0⟩ = 0 and the vacuum has eigenvalue E = 0. Here, the boundary conditions
actually do not play a role and hence the same result for finite closed chain. This solves
the problem for M = 0 corresponding to the multiplet (L/2).

Magnon States (M = 1). Now flip one spin at the l site by acting with Ŝ+
l on the

vacuum,
|l⟩ = Ŝ+

l |0⟩ = | . . . ↑↑↓
l
↑↑ · · · ⟩. (3.26)

This state enumerated by l forms a closed sector under the Hamiltonian due to conser-
vation of the z-component of spin, Ŝz. Hence it is not an eigenstate of Ĥ. Instead we

17We have modified the coefficient of identity operator in (3.15) to 1
2 , which is largely irrelevant to the

proof because it merely induces an overall shift of all energies. Our choice sets the energy of the vacuum
state to zero; otherwise, it would be E0 = − JL

4 in (3.25).
18We pick the most numerous particle state as the reference vacuum. If the number of the spin-up

particles n↑ is bigger than or equal to the number of the spin-down particles n↓ = L− n↑, i.e. n↑ ≥ n↓,
we choose | ↑⟩ ⊗ . . .⊗ | ↑⟩ = | ↑ . . . ↑⟩ as the reference vacuum. It is also known as the pseudo-vacuum in
some texts.
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can try the momentum eigenstate19, which is simply a Fourier transform of a position
eigenstate, called a magnon state,

|p⟩ =
∑
l∈Z

ψp(l)|l⟩ ψp(l) = exp(ipl). (3.27)

It can be viewed as a particle excitation of the vacuum state. Here the notion of
particle is an object which carries an individual momentum p. Indeed we can check that

Ĥ|l⟩ = J
∑
k∈Z

[ Ĥk,k+1|l⟩︷ ︸︸ ︷
δk,l (|l⟩ − |l + 1⟩) +

Ĥk−1,k|l⟩︷ ︸︸ ︷
δk,l (|l⟩ − |l − 1⟩)

]
= J [2 |l⟩ − |l + 1⟩ − |l − 1⟩]

(3.28)

and so,
Ĥ|p⟩ =

∑
l∈Z

exp (ipl) Ĥ |l⟩

= J
∑
l∈Z

exp (ipl) [2 |l⟩ − |l + 1⟩ | − |l − 1⟩]

= J
∑
l∈Z

exp (ipl) [2 − exp(ip) − exp(−ip)] |l⟩

= 2J(1 − cos p)|p⟩

= 4J sin2
(
p

2

)
|p⟩

(3.29)

confirming that |p⟩ is an eigenstate with the magnon dispersion relation,

E(p) = 4J sin2
(1

2p
)
. (3.30)

For an infinite chain, p is a continuous parameter. For a finite closed chain, the momentum
is quantised by the periodic boundary conditions exp[ip(l+L)] = exp(ipl) ⇒ exp(ipL) = 1
to

p = 2πn
L

( mod 2π), where n = 0, . . . , L− 1. (3.31)

This solves the problem for M = 1 corresponding to the multiplets (L/2 − 1).

Scattering States (M = 2). We continue with states with two spin flips. When the
two magnons are well-separated (l2 > l1 + 2), they behave as two single magnons,

|l1, l2⟩ = | . . . ↑↓
l1

↑ . . . ↑↓
l2

↑ . . .⟩, with l1 < l2. (3.32)

19The momentum carried by a magnon is known as pseudo-momentum in some texts.
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The natural ansatz for wavefunction is of the form

|ψ⟩ = |p1, p2⟩ =
∑

l1<l2

ψp1,p2 (l1, l2) |l1, l2⟩ , with p1 > p2, (3.33)

where
ψp1,p2 (l1, l2) = exp[i (p1l1 + p2l2)] + S (p1, p2) exp[i (p1l2 + p2l1)]. (3.34)

The first term on the right hand side of the above equation corresponds to a partial wave
describing two incident magnons propagating,

| . . . ↑
→p1
↑↓

l1

↑↑ . . . ↑
←p2
↑↓

l2

↑↑ . . .⟩,

while the second term corresponds to partial wave describing two transmitted20 magnons
propagating,

| . . . ↑
←p2
↑↓

l1

↑↑ . . . ↑
→p1
↑↓

l2

↑↑ . . .⟩.

As usual in scattering, the coefficients of the incident and transmitted waves differ by a
phase factor S (p1, p2) known as the S-matrix. It is given by

S (p1, p2) = u (p1) − u (p2) + i

u (p1) − u (p2) − i
, (3.35)

where u(p) = cot(p/2)/2 is known as the magnon rapidity [8]. Reality of the energy
eigenvalues requires,

S (p1, p2) = S−1 (p2, p1) . (3.36)

A spacetime picture of the scattering process is shown in Fig. 3.2.
We can immediately show that the wavefunction ψp1,p2 (l1, l2) given in (3.34) is an

eigenfunction of Ĥ with eigenvalue,

E (p1, p2) = E(p1) + E(p2) = 4J sin2
(
p1

2

)
+ 4J sin2

(
p2

2

)
. (3.37)

This reflects the fact that the magnons propagate freely on the spin chain, and their
energies simply add up. There are two exceptions to the scattering states, which we will
not consider here, i.e. when the two magnons are next to each other (l2 = l1 + 1) and
bound states of the two magnons. For a full discussion of these cases, see [43].

20The processes of transmission and reflection are indistinguishable for identical particles in one spatial
dimension. Therefore we do not need to include a separate contribution to account for reflection.
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Figure 3.2 Two magnon scattering process.

Now let us consider the finite chain of length L. Observe that (3.34) implies that

ψp1,p2 (l1 + L, l2) = exp (ip1L) exp[i (p1l1 + p2l2)] + exp (ip2L) S (p1, p2) exp[i (p1l2 + p2l1)]
(3.38)

and if the periodic boundary conditions

ψp1,p2 (l1 + L, l2) = ψp1,p2 (l1, l2 + L) = ψp1,p2 (l1, l2) (3.39)

hold, then
exp (ip1L) = S (p1, p2) , exp (ip2L) = S (p2, p1) . (3.40)

The quantisation of the two magnon momenta is therefore given by the two-body S-matrix.

Multi-magnons (M > 2). In the same fashion we expand a general state in terms of
position eigenstates for M magnons,

|ψ⟩ =
∑

l1<l2<...<lM

ψp1,p2,...,pM
(l1, l2, . . . , lM) |l1, l2 · · · lM⟩ . (3.41)

A general scattering state for M magnons with momenta p1, p2, . . . , pM is given by the
coordinate Bethe ansatz,

ψp1,p2,...,pM
(l1, l2, . . . , lM) =

∑
σ∈ΠM

S(M)
σ (p1, . . . , pM) exp[i

(
p1lσ(1) + p2lσ(2) + · · · + pM lσ(M)

)
]

(3.42)
The wavefunction is a summation over all possible partial waves up to permutation σ

of the integers {1, 2, . . . ,M}. Each partial wave is weighted by a corresponding phase
determined by an M-body S-matrix, S(M)

σ (p1, . . . , pM).
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A key simplification we can do here is to perform exact factorisation21 of the multi-
magnon scattering amplitude as a product of two-magnon scattering amplitudes. For
instance, in the scattering of three magnons with momenta p1 > p2 > p3, the three-body

S-matrix S(3)
σ (p1, p2, p3) with σ =

 1 2 3
3 2 1

 can be factorised exactly as

S(3)
σ (p1, p2, p3) = S (p2, p3) S (p1, p3) S (p1, p2) , (3.43)

where the two-body S-matrix is again given by

S (p1, p2) = u (p1) − u (p2) + i

u (p1) − u (p2) − i
= u1 − u2 + i

u1 − u2 − i
, (3.44)

as shown in Fig. 3.3.

Figure 3.3 Factorisation of three magnon scattering.

To complete the proof, we consider again the finite chain. The periodic boundary
conditions give rise to quantisation of M -body momenta, known as the Bethe ansatz
equation (BAE),

exp (ipkL) =
M∏

j=1
j ̸=k

S (pk, pj) . (3.45)

The interpretation is simple. We take jth magnon and move it around the circle (spin
chain). Once it encounters another magnon, they scatter with each other and it picks up
a scattering phase. Written out in terms of the rapidity, it simply becomes

(
uk + i

2
uk − i

2

)L

=
M∏

j=1
j ̸=k

uk − uj + i

uk − uj − i
for k = 1, . . . ,M. (3.46)

21We used the fact that any permutation σ ∈ ΠM can be factorised as a composition of transpositions
of adjacent elements. Each transposition corresponds to a factor of the two body S-matrix S.



28 Quantum Integrable Systems

The total energy eigenvalue is just the sum of individual magnon energies,

E (p1, . . . , pM) =
M∑

k=1
4J sin2

(
pk

2

)
. (3.47)

In terms of rapidity, the total energy eigenvalue becomes

E = J
M∑

k=1

1
u2

k + 1
4

= J
M∑

k=1

(
i

uk + i
2

− i

uk − i
2

)
. (3.48)

The coordinate Bethe ansatz marked the discovery of quantum integrability in one
dimension, which interestingly happened while the general formalism of non-relativistic
quantum mechanics was still being developed. Moreover, at the beginning of the 21st

century, an reincarnation of this method occurred in the context of integrability in
AdS/CFT. This method proved to be useful in solving problems in higher dimensional
theories, i.e. in supersymmetric gauge field theories and string theory.

3.4 Algebraic Bethe Ansatz

In order to have a more transparent view of integrability of the XXX1/2 spin chain, we
can approach the problem using a variation of Bethe ansatz, called the algebraic Bethe
ansatz. A basic tool for this approach is the Lax operator,

Ll,a(u) : Vl ⊗ Va → Vl ⊗ Va (3.49)

and it is explicitly given by

Ll,a(u) = u1l ⊗ 1a + iŜα
l ⊗ σ̂α =

 u+ iŜz
l iŜ−l

iŜ+
l u− iŜz

l


a

, l = 1, 2, . . . , L, (3.50)

where u ∈ C is the spectral parameter. Here, 1l and Ŝα
l act on the local Hilbert space

Vl = C2, while 1a and the Pauli matrices σ̂α act on another Hilbert space Va = C2,
called auxiliary space. We can also write it in terms of a permutation operator, P =
1
21 ⊗ 1 + Ŝα ⊗ σ̂α,

Ll,a(u) =
(
u− i

2

)
1l,a + iPl,a. (3.51)
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Consider taking two Lax operators, Ll,a (u1) and Ll,b (u2) , acting on the same local
Hilbert space but on two different auxiliary spaces. The products of these two operators
are defined in a triple tensor product Vl ⊗Va⊗Vb and satisfy the fundamental commutation
relation

Ra,b (u1 − u2)Ll,a (u1)Ll,b (u2) = Ll,b (u2)Ll,a (u1)Ra,b (u1 − u2) . (3.52)

The intertwining operator is called quantum R-matrix, which is explicitly given by

Ra,b = u1a,b + iPa,b. (3.53)

It is convenient to suppress the index of the local Hilbert space and rewrite the
fundamental commutation relation as

Rab (u1 − u2)La (u1)Lb (u2) = Lb (u2)La (u1)Rab (u1 − u2) (3.54)

What the R-matrix does is that it interchanges the position of the operators (can be
thought of as being 2 × 2 matrices) L1 and L2. Essentially, a triple product

L1L2L3 = R−1
12 L2L1R12L3 = R−1

12 L2L1L3R12

= R−1
12 R

−1
13 L2L3L1R13R12 = R−1

12 R
−1
13 R

−1
23 L3L2L1R23R13R12

(3.55)

brings the product L1L2L3 to the form L3L2L1. However, the same effect can be reached
by changing the order of permutations

L1L2L3 = R−1
23 L1L3L2R23 = R−1

23 R
−1
13 L3L1L2R13R12

= R−1
12 R

−1
13 L2L3L1R13R12 = R−1

23 R
−1
13 R

−1
12 L3L2L1R12R13R23.

(3.56)

Therefore, a condition is imposed on the R-matrix,

R12R13R23 = R23R13R12. (3.57)

This is the quantum Yang-Baxter equation.
Using the R-matrix, we can construct the monodromy operator,

T0(u) = LL(u)LL−1(u) . . . L2(u)L1(u), with Ln ≡ R0n. (3.58)

We shall obtain a tower of conserved quantities by constructing the transfer matrix
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T (u) (cf. Section 2.3),
T (u) = Tr0 T0(u), (3.59)

and hence we check that the spin chain is integrable [8, 43].



Part II

Integrability of N = 4 SYM Theory



Chapter 4

N = 4 Super Yang-Mills Theory

A planar Feynman diagram.

4.1 N = 4 SYM – A Cousin of QCD

On our journey of understanding the behaviour of elementary particles, Yang-Mills
(YM) theory is at the core of the Standard Model of particle physics. YM theory is a
nonabelian gauge theory based on the SU(N) group. This theory plays an important
role in the theoretical formulation of electroweak and strong interactions, which are based
on U(1) × SU(2) and SU(3) groups, respectively.

The N = 4 super Yang-Mills (SYM) theory22 in four-dimensional Minkowski spacetime
is a highly symmetric version of YM theory. N = 4 SYM has the maximal amount of
supersymmetry without spin-two fields (gravitons). It is also an exact conformal field
theory (CFT) in which the physics remains the same under any rescaling of energies
or length scales. It is much like the theory of Quantum Chromodynamics (QCD) that

22The N here is the number of copies of the supersymmetry algebra, i.e. not the rank of the gauge
group, N .
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describes the strong interaction, albeit QCD is not conformal23. Having a conformal
invariance implies that the theory is not confining; hence there are no physical particles
(for instance, mesons and hadrons) whose mass spectrum we might wish to compute.
Nevertheless, it still serves as a useful tool to understand several aspects of strong
interaction, such as the high energy gluon scattering that can be learned by studying
gauge boson amplitudes in N = 4 SYM.

Conformal invariance of YM theory and QCD with massless quarks are broken by
an anomaly in the quantum theory. The symptom of this breaking is the nonvanishing
of the β function, β(g) = µ∂g/∂µ < 0, which leads to a running coupling g2(µ) with
dependence on the renormalisation group (RG) scale µ (see Fig. 4.1).

Figure 4.1 The running coupling in QCD. The cutoff ΛQCD breaks the conformal invariance
of QCD.

In contrast, N = 4 SYM stays conformally invariant even at the quantum level! Its
β-function is zero to all orders in perturbation theory [97], as was first conjectured in
[55] when studying open string loop amplitudes which reduce to ten-dimensional SYM
in the infinite string tension limit. Arguments for a nonperturbative vanishing of the
β−function are given in [93]. As the dimensionless coupling g2 does not run, the SO(4, 2)
conformal invariance of the classical N = 4 SYM theory is unbroken. The large amount of
symmetry in this theory thus leads to an underlying integrability, making many physical
quantities analytically calculable and many consequences of the AdS/CFT conjecture
computationally verifiable.

23QCD is asymptotically free; hence it is close to being conformal at high energies. It also has a
running coupling constant, and thus there is a natural energy scale of 200MeV at the crossover point
from weak to strong coupling. This point is roughly where confinement sets in and is responsible for the
proton mass.
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4.2 Action and Symmetries

N = 4 SYM was first considered by Brink, Scherk and Schwarz [29], who explicitly con-
structed its Lagrangian density by dimensionally reducing SYM from 10 to 4 dimensions.
Let us consider the ten-dimensional N = 1 gauge theory

S =
∫
d10xTr

(
−1

4FMNFMN + i

2ΨΓMDMΨ
)
, M,N = 1, . . . , 10, (4.1)

where ΓM are the gamma matrices in ten dimensions. Here, we use the Lorentzian metric
with signature (− + + . . .+ +). The covariant derivative is defined as

DM ≡ ∂M + igYM [AM , ·] , (4.2)

where the dot refers to the field being acted on by the covariant derivative, and gYM is
the Yang-Mills coupling constant. Ψ is a sixteen-component Majorana-Weyl spinor of
SO(9, 1). One could perform dimensional reduction to this theory and anticipate that
six of ten components of the gauge field become scalars, while the remaining four are
still gauge fields. The sixteen-dimensional spinor decomposes into four copies of left and
right-handed Weyl spinors in four dimensions.

AM , M = 1, . . . , 4 → Aµ, µ = 0, . . . , 3
AM , M = 5, . . . , 10 → Φi, i = 1, . . . , 6
ΨA, A = 1, . . . , 16 → Ψαa,Ψ

a

α̇, a = 1, . . . , 4, α, α̇ = 1, 2.
(4.3)

We define the covariant derivative in four dimensions,

Dµ ≡ ∂µ + igYM [Aµ, ·] . (4.4)

The real fields Φ and Ψ with the covariant derivative Dµ (regarded as one of the
fundamental fields) form a supermultiplet W =

(
Dµ,Ψαa,Ψ

a

α̇,Φi

)
. All components in

W transform in the adjoint representation of the SU(N) gauge group and they can be
represented by traceless, hermitian N × N matrices. Under a gauge transformation
U(x) ∈ SU(N) the fields transform canonically as

W 7→ UWU−1, Aµ 7→ UAµU
−1 + i

gYM
∂µUU

−1. (4.5)

The gauge field Aµ transforms differently from the other fields to compensate for the
noncovariant transformation of the partial derivative within D. Since the covariant
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derivative D is not truly a field, we construct a field from the gauge connection alone, i.e.
the field strength F , with the associated Bianchi identity,

Fµν = ig−1
YM [Dµ,Dν ] = ∂µAν − ∂νAµ + igYM [Aµ,Aν ] , D[ρFµν] = 0. (4.6)

The action for the four-dimensional N = 4 SYM theory24 is then

S = 2
g2

YM

∫
d4xLYM (4.7)

with the Lagrangian density

LYM = Tr
(

− 1
4FµνFµν − 1

2DµΦiDµΦi + 1
4 [Φi,Φj]

[
Φi,Φj

]
− Ψa

α̇σ
α̇β
µ DµΨβa + i

2Ψαaσ
ab
i ϵ

αβ
[
Φi,Ψβb

]
+ i

2Ψa

α̇σ
i
abϵ

α̇β̇
[
Φi,Ψ

b

β̇

] )
,

(4.8)

where σµ and σi are the chiral projections of the gamma matrices in four and six dimensions
respectively. The symbols ϵ are the su(2) totally antisymmetric tensors. There is a global
SO(6) ≃ SU(4) symmetry, called an R-symmetry (or flavour symmetry), with the scalars
Φi transforming in the second rank complex self-dual (vector) 6 representation of su(4);
the spinors Ψαa in the (fundamental) 4 and Ψa

α̇ in the (antifundamental) 4; the gauge
field Aµ is a singlet.

In addition to being Poincaré invariant, the action (4.7) is scale invariant. Specifically,
the N = 4 SYM theory is invariant under dilatations or scale transformations,

D : xµ → λxµ, (4.9)

which act on the classical fields X of the N = 4 theory as,

D : X (xµ) → λ∆0X (λxµ) , (4.10)

where ∆0 = [X] is the mass dimension of the field X. The various fields in the theory
24In principle, N = 4 SYM theory also has a vacuum (instanton) angle θ which combines with

gYM into a complex coupling τ = θ
2π + 4πi

g2
YM

. Through the AdS/CFT duality, the angle θ equals the
expectation value of the axion field in the spectrum of the dual type IIB superstring [34]. Nevertheless,
this parameter will be neglected as it plays no role in the following discussion.
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have classical dimensions

∆0 =

[Aµ] = [Φi] = 1,
[Ψαa] =

[
Ψa

α̇

]
= 3

2 .
(4.11)

Since N = 4 theory is four-dimensional (i.e. higher than two-dimensional theory), it is
also invariant under the special conformal transformations,

Kµ : xµ → xµ + aµx
2

1 + 2xvav + a2x2 . (4.12)

The bosonic part of the theory has a global symmetry group, SO(4, 2) × SO(6).
The former factor is the four-dimensional conformal group, SO(4, 2) ≃ SU(2, 2), which
has 15 generators spanning its algebra so(4, 2) ≃ su(2, 2): ten generators belong to
the Poincaré algebra, i.e. four translation generators, Pµ, and six generators of the
so(1, 3) ≃ su(2) × su(2) Lorentz transformations, Mµν , and one dilatation generator, D,
and four generators of special conformal transformations, Kµ. These generators satisfy
the commutation relations

[D,Pµ] = −iPµ, [D,Mµν ] = 0, [D,Kµ] = +iKµ,

[Mµν , Pρ] = −i (ηµρPν − ηρνPµ) , [Mµν , Kρ] = −i (ηµρKν − ηρνKµ),
[Mµν ,Mρσ] = −iηµρMνσ ± permutations, [Pµ, Kν ] = 2i (Mµν − ηµνD),

(4.13)

with all other commutators vanishing and ηµν is the Minkowski metric. The latter factor
is again the R-symmetry, which is an internal symmetry that rotates the fields into one
another.

Taking into account the supersymmetry transformations, the generators are fermionic
and are called supercharges. There are 16 distinct supercharges Qαa, Q̃

a
α̇ for the N = 4

supersymmetry, which satisfy the commutation and anticommutation relations{
Qαa, Q̃

b
α̇

}
= γµ

αα̇δ
b
aPµ, {Qαa, Qαb} =

{
Q̃a

α̇, Q̃
b
α̇

}
= 0,

[Pµ, Qαa] =
[
Pµ, Q̃

b
α̇

]
= 0,

[Mµν , Qαa] = iγµν
αβϵ

βγQγa,
[
Mµν , Q̃a

α̇

]
= iγµν

α̇β̇
ϵβ̇γ̇Q̃a

γ̇,

(4.14)

where γµν
αβ = γ

[µ
αα̇γ

ν]
ββ̇
ϵα̇β̇. Dimension counting within the algebra shows that Qαa and Q̃a

α̇

have dimension 1
2 and so their commutators with D is

[D,Qαa] = − i

2Qαa,
[
D, Q̃a

α̇

]
= − i

2Q̃
a
α̇. (4.15)
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By commuting the special conformal generators Kµ with Qαa and Q̃a
α̇,

[Kµ, Qαa] = γµ
αα̇ϵ

α̇β̇S̃β̇a,
[
Kµ, Q̃a

α̇

]
= γµ

αα̇ϵ
αβSa

β, (4.16)

we generate a new set of operators Sa
α and S̃α̇a, which have dimension −1

2 . They are
known as the special conformal supercharges, or the superconformal charges. Their
R-charge representations are reversed from the supercharges and combine with the
regular supercharges to give 32 supercharges in total. The superconformal charges have
anticommutation relations that mirror the anticommutation relations of the supercharges,{

Sa
α, S̃α̇b

}
= γµ

αα̇δ
a
bKµ,

[Kµ, S
a
α] =

[
Kµ, S̃α̇a

]
= 0.

(4.17)

Anticommutation relations between the supercharges and the superconformal charges
complete the algebra,

{
Qαa, S

b
β

}
= −iϵαβσ

IJ
a RIJ + γµν

αβδ
b
aMµν − 1

2ϵαβδ
b
aD,{

Q̃a
α̇, S̃β̇b

}
= +iϵα̇β̇σ

IJaRIJ + γµν

α̇β̇
δa

bMµν − 1
2ϵα̇β̇δ

a
bD,{

Qαa, S̃β̇b

}
=
{
Q̃a

α̇, S
b
β

}
= 0.

(4.18)

On the right-hand side of (4.18) we obtain in addition to the Lorentz and dilatation
generators the SO(6) ≃ SU(4) R-symmetry generators RIJ , where I, J = 1 . . . 6. The
supercharges transform under the two-spinor representations of SO(6), while all generators
of the conformal algebra are singlets and commute with RIJ . Altogether the 30 bosonic
generators and 32 fermionic generators span the N = 4 superconformal group denoted
P̃SU(2, 2|4) with its algebra psu(2, 2|4) (see Appendix for details).

4.3 The Large N Expansion

In QCD, perturbation theory in the gauge coupling g2(µ) is only useful in the UV regime
such as deep inelastic scattering. Infrared (IR) physics such as quark confinement and
chiral symmetry breaking is nonperturbative in g2(µ). In 1973, a genuine idea was put
forward by ’t Hooft [101] to replace the SU(3) colour gauge group of QCD by SU(N)
and take the ’t Hooft limit, N → ∞ with the ’t Hooft coupling, λ = g2

YMN , held fixed25.
Corrections to this limit are considered as a power series in 1/N . Such an expansion

25N is simply the number of colours, NC , in QCD.
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scheme is sensible as the leading order of large N theory still exhibits confinement and
chiral symmetry breaking.

We will now study the large N expansion at the level of Feynman diagrams. With
the ’t Hooft coupling, the N = 4 SYM action (4.7) looks like

S = 2N
λ

∫
d4xLYM. (4.19)

Recall that each adjoint field is an N ×N matrix, (Wµ)i
j , i, j = 1, . . . , N. We will focus

on the gauge field Aµ. The propagator has the index structure

〈
Ai

µj(x)Ak
νl(y)

〉
= ∆µν(x− y)

(
δi

lδ
k
j − 1

N
δi

jδ
k
l

)
, (4.20)

where ∆µν(x) is the usual bosonic propagator for a single gauge field. The 1/N term
is clearly suppressed by 1/N , we do not lose anything by dropping this term at leading
order in 1/N . We then have

〈
Ai

µj(x)Ak
νl(y)

〉
= ∆µν(x− y)δi

lδ
k
j (4.21)

and only a single leading order diagram remains.
This can be depicted using ’t Hooft’s double line notation (see Fig. 4.2) which relies

on the decomposition of the adjoint representation of SU(N),

adj ≡ N ⊗ N − 1, (4.22)

where N and N are the fundamental and anti-fundamental representation of SU(N),
respectively. The upper and lower lines with opposite arrows are associated to complex
conjugate representations. The propagator scales as λ/N , as can be read off from the
action (4.19).

Figure 4.2 Double-line notation for a gluon propagator instead of the usual curly line notation.

The Feynman rules for the gauge fields in N = 4 SYM (similarly, gluons in QCD)
are such that each edge corresponds to a propagator weighted with g2

YM = λ/N , and
each vertex is weighted with 1/g2

YM = N/λ. The general scaling of a Feynman diagram
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amplitude is

diagram ∼
(
λ

N

)# propagators (
N

λ

)# vertices
N# index contractions , (4.23)

where # denotes number, and the index contractions come from the loops in the diagram.
One can have planar26 and nonplanar diagrams (for instance, see the gluon vacuum
bubble in Fig. 4.3). At large N limit, nonplanar diagram in Fig. 4.3b is suppressed by
1/N2 relative to the planar diagram.

(a)

(b)

Figure 4.3 (a) Planar vacuum bubble, (b) nonplanar vacuum bubble.

’t Hooft showed that the “fat” Feynman diagrams can be classified by their topology
[101]. Each diagram corresponds to the triangulation of a Riemann surface, as shown in
Fig. 4.4. A Feynman diagram with V vertices, E edges (or propagators), and F faces
(or loops) scales like

NV−E+FλE−V = NχλE−V = N2−2gλE−V , (4.24)

where χ = V −E + F is the Euler character27 of the Riemann surface and g is the genus
(i.e. hole or handle) of the surface.

In the limit N → ∞, the leading order given by planar diagrams dominate; hence the
large N theory will be simpler than real world QCD (SU(3)) (see Fig. 4.5). Moreover, the
1/N expansion classified by the topology of Riemann surfaces matches the perturbation

26Planar diagrams are those that can be drawn on a plane without lines intersecting.
27The Euler character is χ = 2 − 2g if the Feynman diagram (or correspondingly the Riemann surface)

is closed and orientable.
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(a)
(b)

Figure 4.4 (a) The planar vacuum bubble in Fig. 4.3a can be drawn on a two-sphere (χ = 2),
whereas (b) the nonplanar diagram in Fig. 4.3b must be drawn on a higher-genus surface such
as the torus (χ = 0).

theory of closed string sigma model with a string coupling gs ∼ 1/N . Therefore, a hope
emerges through the seminal work of ’t Hooft that QCD, or at least large N strongly
coupled SYM theory, can be described in terms of a weakly coupled string theory.

Figure 4.5 Gauge theory at large-N limit where N = ∞, gYM = 0 and λ remains. Only planar
Feynman diagrams (left) without crossing propagators remains, leading to drastic combinatorial
simplification.

4.4 Local Operators

When SYM theory is quantised, the big symmetry group P̃SU(2, 2|4), including the
classical conformal symmetry is unbroken by quantum corrections. This significant
constraint on the quantised theory provides us with a powerful tool. In this section
we will sketch how the action of the dilatation operator28 D, one of the generator of
P̃SU(2, 2|4) group, leads to the existence of operators of minimal scaling dimension,
called primary operators. Notice that while the generators of the Poincaré subgroup of
P̃SU(2, 2|4) do not get quantum corrections, the dilatation operator D does:

D = D0 + δD(gYM), (4.25)
28The hats on operators will be dropped from now on for convenience.
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where D0 is the classical operator and δD is the anomalous dilatation operator which
depends on the YM coupling gYM.

Now let O(x) be a local operator in the field theory with scaling dimension ∆. Under
a scaling x → λx,O(x) scales as O(x) → λ−∆O(λx); D is the generator of these scalings,
O(x) → λ−iDO(x)λiD, and its action on O(x) is

[D,O(x)] = i

(
−∆ + x

∂

∂x

)
O(x). (4.26)

The dimension ∆ is ∆0 + γ(g2
YM) with ∆0 the classical dimension corresponding to

the classical operator D0 and γ(g2
YM) the anomalous dimension arising from quantum

corrections corresponding to δD [35] (see Chapter 5 for discussion of anomalous dimension
computation).

Primary operator. Let us act D on the commutator [Kµ,O(0)] and find, using the
Jacobi identity, that

[D, [Kµ,O(0)]] = [[D,Kµ] ,O(0)] + [Kµ, [D,O(0)]]
= i [Kµ,O(0)] − i∆ [Kµ,O(0)] .

(4.27)

We see that the special conformal generator Kµ acts as a lowering operator which creates
a new local operator, [Kµ,O(0)] of one lower dimension ∆ − 1. Aside from the identity
operator, unitary quantum field theories must have local operators whose dimensions
are positive (in fact a nonconstant operator must have ∆ > 2). Therefore, as we keep
lowering the dimension by acting with Kµ, we must eventually reach a lower bound where

[
Kµ, Õ(0)

]
= 0 ∀Kµ. (4.28)

Such an operator Õ(x) is known as a primary operator29. Starting with Õ(x), we can
build higher-dimensional operators, known as descendants of Õ(x), by acting on it with
the raising operator, Pµ, an arbitrary number of times, where [Pµ,O(x)] = −i∂µO(x).
The primary operator and its descendants make up an irreducible representation of
P̃SU(2, 2|4), with the primary as the highest weight of the representation. P̃SU(2, 2|4)
is noncompact, so the representation is infinite dimensional.

Chiral primary operator. A similar analysis can be done with the fermionic generators,
i.e. the supercharges and superconformal charges. The supercharges Qαa and Q̃a

α̇

29The primary condition (4.28) is defined at x = 0 where the spacetime position is a fixed point of
the dilatation. If the local operator were at a different spacetime point then it would commute with a
different combination of the conformal generators.
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can make new operators with 1/2 higher dimension. These operators along with the
original operators make up a supermultiplet. Since the supercharges are fermionic, the
maximal number of operators in a supermultiplet is 216/2 = 28 = 256. The number of
operators in the supermultiplet may be reduced by annihilating some operators with
the superconformal charges Sa

α and S̃α̇a. It is clear that the operator must be a primary,
otherwise the anticommutation relation in (4.17) would not lead to (4.28). Hence we
have [

Sa
α, Õ(0)

]
=
[
S̃α̇a, Õ(0)

]
= 0 ∀α, α̇, a. (4.29)

We now put a further restriction that

[Qαa,O(0)] = 0 for some α, a. (4.30)

Such operators are known as chiral primaries. Consistency now requires that[{
Qαa, S

b
β

}
, Õ(0)

]
=
{
Qαa,

[
Sb

β,O(0)
]}

+
{
Sb

β, [Qαa,O(0)]
}

= 0

=
[
−iϵαβσ

IJ
a RIJ + γµν

αβδ
b
aMµν − 1

2ϵαβδ
b
aD,O(0)

]
.

(4.31)

If Õ(0) is a scalar field, Mµν commutes with it and we get a relation between the R-charge
of Õ(0) and its dimension ∆,

σIJ
a

b
[
RIJ , Õ(0)

]
= ∆δa

bÕ(0). (4.32)

To find what the relations are, we first observe that SO(6) ≃ SU(4) is a rank 3 group,
and thus has three commuting generators in its Cartan subalgebra, which we choose to
be R12, R34 and R56. The corresponding charges for these can be written as [J1, J2, J3].
The σIJ

a
b are the generators in the SU(4) fundamental representation, with

σ12 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 , σ34 =


1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

 , σ56 =


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

 .
(4.33)

Therefore, a primary operator with R-charges [J, 0, 0] is consistently annihilated by Qα1

and Qα2 if ∆ = J . Here, J = J1 = J2 = J3 since Ji, i = 1, 2, 3 states are all in the same
P̃SU(2, 2|4) representation. Inspection of (4.14) shows that they are also annihilated by
Q̃3

α̇ and Q̃4
α̇. Such operators commute with (or are annihilated by) half the supercharges
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and are known as chiral primaries (or 1
2 -BPS operators)30. Therefore, the number of

operators in the supermultiplet reduces to 28/2 = 24 = 16.
The great advantage of chiral primaries is that their dimensions are protected. This

means that their dimensions do not vary with the coupling constant31, and hence commute
with half the supercharges no matter what the coupling. If they did not commute then
there would have to be extra operators at each level. Therefore, the number of operators
in the supermultiplet is a finite integer that stays fixed. The R-charges are also integers;
thus the dimensions must stay fixed, i.e. ∆ = ∆0.

N = 4 SYM theory is characterised by its spectrum of local gauge invariant operators
O(x), which transform in unitary irreducible representations of SO(4, 2) × SO(6) –
the bosonic subgroup of P̃SU(2, 2|4). The Dynkin labels for a state of the operator
consist of the roots (or Cartan eigenvalues) of its algebra, i.e. a sextuplet of charges,
[∆, S1, S2, J1, J2, J3]. Here ∆ is the scaling dimension, Sr (r = 1, 2) are the spins, i.e.
charges of the SO(1, 3) Lorentz group ⊂ SO(4, 2). The Ji (i = 1, 2, 3) are the three
commuting R-charges which correspond to U(1)R ⊂ SO(6) ≃ SU(4). Apart from ∆,
these charges correspond to generators of compact subgroups of SO(4, 2) × SO(6) and
are therefore quantised in integer units.

Appendix: Superconformal Algebra

Symmetry is a principle that organises objects with similar properties and often leads to
structural constraints on correlation functions. The use of superconformal symmetry has
helped to verify the AdS/CFT duality at various stages. An immediate check for the
AdS/CFT conjecture is that the two models have coincident global symmetries: N = 4
superconformal symmetry on the one hand and the isometries of the AdS5×S5 superspace
on the other. They are both given by the Lie supergroup P̃SU(2, 2|4) with its algebra
psu(2, 2|4). Here, P̃SU(2, 2|4) is the non-trivial universal cover of PSU(2, 2|4) where
its abelian subgroup is noncompact. This appendix demonstrates the purely algebraic
aspects of psu(2, 2|4) (see [13, 46] for details). A formal definition of the superalgebra
psu(2, 2|4) is given as follows.

30BPS stands for Bogomol’nyi–Prasad–Sommerfield. Chiral primary operators can be classified into
1
2 −BPS, 1

4 −BPS, and 1
8 −BPS [36, 91]. The 1

2 −BPS live in [J, 0, 0] representations of the R-symmetry
group SU(4); their scaling dimension is ∆ = J and are annihilated by eight out of the sixteen Poincaré
supercharges. Similarly, 1

4 − BPS primaries are in the [J1, J2, J1] representations, are annihilated by four
supercharges, and have protected scaling dimension of ∆ = 2J1 + J2. The 1

8 − BPS primaries belong to
[J1, J2, J1 + 2J3], are killed by only two supercharges, and their ∆ = 2J1 + J2 + 2J3.

31In general, an operator depends on the YM coupling constant gYM.
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Definition. The algebra psu(2, 2|4) is a (30|32)-dimensional real Lie superalgebra.

To understand how we can obtain this definition, let us begin with the general
superalgebra. As we have seen in section 4.2, a superalgebra contains bosonic generators
Bµ and fermionic generators Fα. An element of a superalgebra is a linear combination,

X = XµBµ + θαFα, (4.34)

where Xµ and θα are Grassmann-even and Grassmann-odd variables, respectively. The
generators Bµ and Fα can be represented in finite dimension as ordinary numeric matrices.
An element of the Lie superalgebra X then forms a supermatrix, which encodes the
linear transformations of R(n|m) or C(n|m), a space of vectors whose first n components
are Grassmann-even numbers and the last m ones are Grassmann-odd: E O

O′ E ′

 b

f

 . (4.35)

Let us consider complex (4|4)-dimensional square supermatrices

X =
 A B

C D

 . (4.36)

Each block A, B, C, D is a 4 × 4 matrix of complex numbers. The blocks A, D are
considered even and B, C odd. These supermatrices span a Lie superalgebra of gl(4|4,C),
which is a (32|32)-dimensional vector space. This superalgebra is not simple; thus
having nontrivial ideals. A conventional way to get a simple algebra is to impose the
traceless condition, but here a deviation from the usual Lie algebras occurs. The Lie
superalgebra gl(4|4,C) satisfies a graded Lie bracket [·, ·}, which is the graded commutator
of supermatrices

[X, Y } = XY − (−1)XY Y X =
 AE +BG− EA+ FC AF +BH − EB − FD

CE +DG−GA−HC CF +DH +GB −HD

 ,
(4.37)

where Y is the analogue of X in (4.36) with blocks E, F, G, H. This differs from a usual
commutator through the signs for the odd-odd products FC and GB. Therefore, the
trace of a graded Lie bracket is not zero.

The nonvanishing trace can be fixed by using the supertrace StrX := TrA− TrD,
i.e. a subtraction between traces of matrices is used instead of the usual addition.
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The supertrace is zero for graded commutator (4.37), Str [X, Y } = 0. Demanding the
supertraceless condition (StrX = 0) thus removes a degree of freedom from gl(4|4,C),
and restricts it to the subalgebra sl(4|4,C). Furthermore, the identity supermatrix 1

commutes with all other matrices, [1, Y } = 0; thus it generates the centre and can be
projected out from sl(4|4,C) yielding a (30|32)-dimensional complex Lie superalgebra
psl(4|4,C).

To further restrict to the real form psu(2, 2|4) we impose a hermiticity condition on
the supermatrices

X =
 A B

C D

 =
 HA†H−1 −iHC†

−iB†H−1 D†

 , (4.38)

where H is a hermitian matrix of signature (2, 2). There are two natural choices for H.
First, H is a matrix of 2 × 2 diagonal blocks (‘+’/‘−’ denotes the 2 × 2 positive/negative
identity matrix),

H =
+ 0

0 −

 , X =


M1 iN −iQ1

iN M2 +iQ2

Q1 Q2 R

 , X ′ =


M1 −iQ1 iN

Q1 R Q2

iN +iQ2 M2

 . (4.39)

Here the hermitian blocks M1 and M2 generate the maximal compact subalgebra su(2) ⊕
su(2) ⊕ u(1) = so(4) ⊕ so(2) of su(2, 2) = so(4, 2). It is often convenient to reorder the
2, 2|4 rows and columns, and move one of the 2’s past the 4. X ′ is thus the supermatrix
X reordered in 2|4|2-block form. This choice of H is useful in the context of the AdS5

spacetime and for unitary representations. The second choice is an off-diagonal H.

H =
0 +

+ 0

 , X =


L P −iQ
K L −iS
S Q R

 , X ′ =


L −iQ P

S R Q

K −iS L

 . (4.40)

Now the hermitian conjugate blocks L, L in X generate the Lorentz and scaling trans-
formations in sl(2,C) ⊕ gl(1) = so(3, 1) ⊕ so(1, 1). This choice is obviously adapted to
four-dimensional Minkowski space.



Chapter 5

N = 4 SYM One-loop Integrability

An N = 4 SYM one-loop diagram.

5.1 Anomalous Dimensions

The natural observables of the N = 4 SYM theory are correlation functions of local
gauge-invariant operators. The local gauge-invariant operators are made by taking traces
of the product of the adjoint fields W =

(
Dµ(x),Ψαa(x),Ψa

α̇(x),Φi(x)
)
, evaluated at the

same spacetime point x. For instance, consider a single trace operator,

O1 = Tr
(
ΨαaDµΦiDvΨa

α̇

)
, (5.1)

which has a well-defined classical scaling dimension ∆0 (the sum of the mass dimensions
of each field). For the operator O1, we find ∆0 = 6. There also exist multitrace operators
such as

O2 = Tr
(
ΦiΦj

)
Tr (FµνFµν) , (5.2)
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which do not survive in the ’t Hooft limit (N → ∞). The dimensions of multitrace
operators will just be the sums of the dimensions of the single traces that make up the
operator.

The correlation functions of these operators Oi at different spacetime points are
defined by introducing sources Ji(x) for each operator in the generating functional,

Z [{Ji}] =
∫

dA dΨ dΨ dΦ exp
(
i

~

∫
d4xLYM +

M∑
i=1

Ji(x)Oi(x)
)
,

⟨O1 (x1) O2 (x2) · · · OM (xM)⟩ = δM

δJ1 (x1) δJ2 (x2) · · · δJM (xM)Z [{Ji}] .
(5.3)

Consider the two-point correlation function of a local operator O(x) with itself. It is
constrained by the Poincaré symmetry to be

⟨O(x)O(y)⟩ = f(x− y) (5.4)

with f(x) being an arbitrary scalar function; a further conformal symmetry constraint
fixes its form to

⟨O(x)O(y)⟩ ≈ 1
|x− y|2∆ , (5.5)

where the dimension ∆ = ∆0 + γ, with ∆0 being the (classical) bare dimension and γ

being the anomalous dimension arising from quantum corrections.
For local operators made up only of scalars with no covariant derivatives, O(x) =

Tr ΦL, since all scalars have bare dimension 1, the bare dimension is ∆0 = L, the number
of scalar fields inside the trace. At the tree-level, the two-point function32 of the local
operator is equivalent to the L scalar propagators up to a constant c,

⟨O(x)O(y)⟩tree = c

|x− y|2∆0
≈
(

1
|x− y|2

)L

= c

|x− y|2L
. (5.6)

If gYM is small, then γ ≪ ∆0. In this case one can approximate the two-point function as

⟨O(x)O(y)⟩ ≈ 1
|x− y|2∆0

(
1 − γ ln(Λ2|x− y|2)

)
, (5.7)

32The tree-level three-point function is of the form

⟨OA (x1) OB (x2) OC (x3)⟩tree = cABC

|x12|∆0A+∆0B−∆0C |x23|∆0B+∆0C−∆0A |x31|∆0C +∆0A−∆0B

up to a constant cABC . The higher-order correlation functions can be expressed as a product of two-point
and three-point functions since the theory is conformally invariant.
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where Λ is cutoff scale. The leading contribution to this correlator is thus called the
tree-level contribution.

The computation of anomalous dimensions simplifies tremendously in the ’t Hooft
limit. However, this computation is complicated by the problem of operator mixing
(see next section). Miraculously, the mixing can often be restricted to operators within
certain “closed” sectors.

5.2 Mixing Matrix and the Relation to Spin Chains

Recall that the matter content of N = 4 SYM includes six adjoint scalars Φi. We
can express them as three complex fields, Z = 1√

2 (Φ1 + iΦ2), W = 1√
2 (Φ3 + iΦ4),

X = 1√
2 (Φ5 + iΦ6) , along with their conjugates. All scalars in 4 dimensions have

(classical) bare dimension ∆0 = 1 and are of course spinless, and thus the R-charges
for Z,W and X are, respectively, [1, 0, 0, 1, 0, 0], [1, 0, 0, 0, 1, 0] and [1, 0, 0, 0, 0, 1]. Their
conjugates, Z, W and X have reversed R-charges.

As we let N → ∞, we will see that the planar diagrams dominate, much like the
gluon vacuum bubble in Section 4.3. This can be shown by contraction of chiral primaries.
Let us consider the rescaled chiral primary,

ΨL = (4π2)L/2

√
LNL/2

TrZL = (4π2)L/2

√
LNL/2

ZA
BZ

B
C . . . Z

···
A A,B,C = 1, . . . , N, (5.8)

where the colour indices have been written out explicitly. The prefactors are normalisation
factors. At tree level, the correlator of a Z field and its conjugate Z is

〈
ZA

B(x)ZC
D(y)

〉
tree

= δA
DδB

C

4π2|x− y|2
, (5.9)

where we have ignored the fact that ZA
A = 0 which is justifiable in the large N limit.

The leading contribution to a contraction between ΨL and its conjugate ΨL comes
from contracting the individual fields in order, as shown in Fig. 5.1a and 5.1b. The
contribution of all such ordered contractions is

〈
ΨL(x)ΨL(y)

〉
ordered

= LNL(√
LNL/2

)2
|x− y|2L

= 1
|x− y|2L

. (5.10)

where the L powers of N come from contractions of neighboring fields, N = δA′
Aδ

A
A′ .

We also pick up a factor of L from the L ways of contracting the fields in the plane.
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Fig. 5.1c is an example of a nonplanar diagram due to the fact that at least one
connecting line must be lifted out of the plane to avoid such crossings. Comparing to
(a), we would see that there are two less factors of N in (c),

(a) . . . δA′
Aδ

A
A′δB′

Bδ
B

B′δC′
Cδ

C
C′ · · · = . . . N3 . . . ,

(c) . . . δA′
Aδ

A
B′δC′

Bδ
B

A′δB′
Cδ

C
C′ · · · = . . . N . . . ,

(5.11)

where the dots represent contractions that are the same in both cases. Hence, the
nonplanar diagram in (c) (in fact, each nonplanar diagram) is suppressed by a factor of
1/N2, as we would have expected. We can thus ignore the contribution of all nonplanar
diagrams in the ’t Hooft limit33.

(a) (b) (c)

Figure 5.1 Contractions of fields. The horizontal lines represent the operators and the ordered
vertical lines the contractions between the two operators of the individual fields inside the trace.
(a) and (b) are planar, while (c) is nonplanar.

Without going into much details [76], the tree-level correlator in (5.10) can be
generalised to any scalar operator of the form

OI1,I2,...,IL
(x) = (4π2)L/2√

CI1,I2,...,IL
NL/2

Tr (ΦI1(x)ΦI2(x) . . .ΦIL
(x)) , (5.12)

where CI1,I2,...,IL
is a symmetry factor (which is n if the flavour indices Ii, i = 1, . . . , L are

33Note that this analysis is valid so long as L ≪ N . Otherwise, if L were on the order of N , then
the suppression coming from the 1/N factors is swamped by the huge number of nonplanar diagrams
compared to the number of planar diagrams. (There are L! total tree level diagrams of which only L are
planar.)
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invariant when shifting by L/n). Adding the one-loop correlator34, we find the expression,
〈
OI1,I2,...,IL

(x)OJ1,J2,...,JL(y)
〉

= 1
|x− y|2L

(
1 − λ

16π2 ln
(
Λ2|x− y|2

) L∑
l=1

(1 − C − 2Pl,l+1 +Kl,l+1)
)
δJ1

I1 δ
J2
I2 . . . δ

JL
IL

+ cycles,
(5.13)

where “cycles” refers to the L − 1 cyclic shifts of the Ji indices and λ is the ’t Hooft
coupling. There is a sum over l because the interaction between any of the L pairs of
neighboring fields exists in the planar diagram in Fig. 5.2a. The constant C comes from
other planar diagrams in Fig. 5.2c, 5.2d, and 5.2e.

We have defined two important operators, namely the exchange operator Pl,l+1 and
the trace operator Kl,l+1. The operator Pl,l+1 exchanges the flavor indices of the l and
the l + 1 sites inside the trace, whereas Kl,l+1 contracts the flavor indices of neighboring
fields. Their actions on the δ-functions in (5.13) are, respectively,

Pl,l+1δ
J1
I1 . . . δ

Jl
Il
δ

Jl+1
Il+1

. . . δJL
IL

= δJ1
I1 . . . δ

Jl+1
Il

δJl
Il+1

. . . δJL
IL
,

Kl,l+1δ
J1
I1 . . . δ

Jl
Il
δ

Jl+1
Il+1

. . . δJL
IL

= δJ1
I1 . . . δIlIl+1δ

JlJl+1 . . . δJL
IL
.

(5.14)

Therefore, we have operator mixing at the one-loop level due to Pl,l+1 and Kl,l+1.
When we compare this result to (5.7), we see that because of the operator mixing the

anomalous dimension γ should be replaced with an operator Γ where

Γ = λ

16π2

L∑
l=1

(1 − C − 2Pl,l+1 +Kl,l+1) . (5.15)

The possible one-loop anomalous dimensions are then found by diagonalising Γ, which is
indeed a mixing matrix. However, with Bethe ansatz at hand, we can skip the tedious
steps to compute and diagonalise the mixing matrix Γ.

One could be concerned that, since we have operator mixing, scalar field operators
will mix with nonscalar field operators. It turns out that this does not happen at the
one-loop level although it generally can. To see this, consider the complete dilatation

34The one-loop contribution to the two-point correlator comes mainly from the quartic scalar vertex
given in the bosonic part of the N = 4 action (4.7),

S = 1
2g2

YM

∫
d4xTr

{
−F2 − 2DµΦIDµΦI +

∑
I<J

[ΦI ,ΦJ ]2
}
.
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(a) (b)

(c) (d)

(e)

Figure 5.2 Quartic scalar interaction contributes to the one-loop correlator, where (a) two
neighbouring fields are connected and (b) two nonneighbouring fields are connected. Notice that
the interaction has added a loop to the diagrams, and case (b) is nonplanar. Other one-loop
planar diagrams (c), (d), and (e) do not affect the flavour structures. (c) A gluon exchange
between neighbouring scalars. Since the gluon carries no R-charge, the flavour indices are
unchanged. (d) Scalar self-energy from a gluon; (e) scalar self-energy from a fermion loop.
R-charge conservation and the fact that only one scalar line is involved means that (d) and (e)
leave the flavour indices unchanged.

operator, which can be expressed as an expansion in λ of the form

D =
∞∑

n=0
λnD(2n), (5.16)
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D(0) gives the bare dimension of the operator, while D(2) is the one-loop anomalous
dimension mixing matrix Γ in (5.15). The dilation operator commutes with the Lorentz
generators and the R-symmetry generators. This is true for all values of λ; hence all
D(2n) commute with these generators. Moreover, each of the D(2n) commutes with D(0),

which can be established by power counting in the graphs. Therefore, mixing only occurs
between operators with the same Lorentz charges, R-charges, and bare dimensions. In
other words, operator mixing preserves the total charges of the P̃SU(2, 2|4) symmetry
group. An overview of the correspondences between the observables in N = 4 SYM at ’t
Hooft limit and integrable spin chain is provided in Table 5.1.

Table 5.1 Correspondences between N = 4 SYM at ’t Hooft limit and integrable spin chain.

N = 4 SYM at N → ∞ Integrable spin chain

Single trace operator Closed spin chain
Field operator Spin at a site
Anomalous dilatation operator δD(g2

YM) Hamiltonian H
Anomalous dimension γ Energy eigenvalue E

5.3 Closed Sector Bethe Ansatz at One Loop

The mixing matrix Γ at one loop was first computed in [22]. Minahan and Zarembo [77]
noticed that, for the SO(6) closed sector35 spanned by the 6 scalars, Γ can be treated
as the Hamiltonian on the integrable SO(6) spin chain (Fig. 5.3), and is solved by
Reshetikhin [86, 87]. This has been the starting point for all the integrability machinery
in AdS/CFT.

Figure 5.3 A spin chain with SO(6) vector sites.

One way to find the SO(6) sector mixing matrix ΓSO(6) is to use a particular eigenstate
– the chiral primary ΨL in (5.8). ΨL is symmetric under the exchange of any field; thus
Pl,l+1ΨL = ΨL for any l. Furthermore, ΨL has only Z fields and not Z fields, hence

35It should be noted that the SO(6) sector is not closed at higher loop order and it mixes with sectors
containing fermions.
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Kl,l+1ΨL = 0. This generalises to any chiral primary, which is in the Lth symmetric
traceless representation of SO(6). Therefore,

ΓSO(6)ΨL = λ

16π2

L∑
l=1

(1 − C − 2)ΨL. (5.17)

However, the dimension of ΨL is protected, meaning that its anomalous dimension is
zero. We then find that C = −1 and Γ becomes

ΓSO(6) = λ

8π2

L∑
l=1

(
1 − Pl,l+1 + 1

2Kl,l+1

)
. (5.18)

Instead of following Reshetikhin’s method [87], one can also obtain the solution using
the nested Bethe ansatz, proposed by Kulish and Reshetikhin [33]. This method extend
the algebraic Bethe ansatz to algebras of higher rank. It is called nested because at each
step of the procedure the rank of the algebra is reduced. The Hamiltonian corresponding
to ΓSO(6),

H
(2)
SO(6) = λ

8π2

L∑
l=1

(
1 − Pl,l+1 + 1

2Kl,l+1

)
, (5.19)

is diagonalised in terms of the rapidities satisfying the nested Bethe ansatz equations,

1 =
M1∏
l ̸=k

u1,k − u1,l + i

u1,k − u1,l − i

M2∏
l ̸=k

u1,k − u2,l − i/2
u1,k − u2,l + i/2(

u2,k + i/2
u2,k − i/2

)L

=
M2∏
l ̸=k

u2,k − u2,l + i

u2,l − u2,l − i

M1∏
l ̸=k

u2,k − u1,l − i/2
u2,k − u1,l + i/2

M3∏
l ̸=k

u2,k − u3,l − i/2
u2,k − u3,l + i/2

1 =
M3∏
l ̸=k

u3,k − u3,l + i

u3,k − u3,l − i

M2∏
l ̸=k

u3,k − u2,l − i/2
u3,k − u2,l + i/2 .

(5.20)

The energy eigenvalues are given by

E
(2)
SO(6) = λ

8π2

M2∑
i=1

1
u2

2,i + 1/4 (5.21)

Alternatively, the Bethe equations (5.20) can be thought of as equations for vector
representation so(6) with simple roots ϵ1 − ϵ2, ϵ2 − ϵ3, ϵ2 + ϵ3 and weight w = ϵ1, or for
the antisymmetric representation of su(4) with roots ϵ1 − ϵ2, ϵ2 − ϵ3, ϵ3 − ϵ4 and weight
w = ϵ1 + ϵ2. The corresponding Dynkin diagram is depicted in Fig. 5.4.
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Figure 5.4 Dynkin diagram and the Dynkin labels αr · w corresponding to the so(6) Bethe
ansatz.

The SU(2) sector36 is a subsector of SO(6), where there are only spin up (↑) and
spin down (↓). The SU(2) sector Hamiltonian is

H
(2)
SU(2) = λ

8π2

L∑
l=1

(1 − Pl,l+1) , (5.22)

since there is no contribution from Kl,l+1. In terms of spin operators the Hamiltonian
can be recast as

H
(2)
SU(2) = λ

8π2

L∑
l=1

(1
2 − 2S⃗l · S⃗l+1

)
. (5.23)

Remarkably, ΓSU(2) is the Hamiltonian of the Heisenberg XXX1/2 spin-chain with L

lattice sites (cf. (3.15)). The total spin S⃗ = ∑
l S⃗l commutes with Γ so the energy

eigenstates are simultaneously the total spin eigenstates. This should not be surprising
since we have known that the dilatation operator commutes with the R-symmetry and
the spin here is one of its subgroups.

The SU(2) Bethe equations can be obtained from (5.20) by restricting M1 = M3 = 0
and M2 = M . Due to the cyclicity of the trace in the local operators in the gauge
theory, we have to retain only the states of the spin chain with zero total momentum, i.e.
invariant by translation. This extra condition can be written as

M2∏
k=1

u2,k + i/2
u2,k − i/2 = 1. (5.24)

Extending to the full P̃SU(2, 2|4) sector, its one-loop Hamiltonian was found by
Beisert [12] and the full one-loop Bethe ansatz was written in [19] with the Bethe
equations in a compact form,

(
ui,k + i

2Vk

ui,k − i
2Vk

)L

=
Mr∏
l=1
l ̸=k

Jl∏
j=1

ui,k − uj,l + i
2Mkl

ui,k − uj,l − i
2Mkl

(5.25)

where k = 1, . . . , r = rank(psu(2, 2, |4)) and i = 1, . . . , Jk with Jk being the number of
36SU(2) sector is closed to all orders in perturbation theory under operator mixing.
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excitations of type k (each type corresponds to a different node of the Dynkin diagram;
hence k has rank(psu(2, 2, |4)) possible values) and there are J = ∑

Jk excitations in
total. Mkl denotes the symmetric Cartan matrix of psu(2, 2|4),

Mkl =



−2 1 0 0 0 0 0
1 0 −1 0 0 0 0
0 −1 +2 −1 0 0 0
0 0 −1 +2 −1 0 0
0 0 0 −1 +2 −1 0
0 0 0 0 −1 0 1
0 0 0 0 0 1 −2


(5.26)

and the highest weights for the representation are all 0 except for V4 = 1, i.e. the spin
representation vector is V = [0, 0, 0, 1, 0, 0, 0] at the respective spin chain sites. The full
one-loop Bethe equations correspond to the Dynkin diagram in Fig. 5.5.

Figure 5.5 Beauty Dynkin diagram corresponding to the psu(2, 2|4) Bethe ansatz. The Dynkin
labels of the spin representation are indicated on top of the beauty diagram. The nodes ⊗
correspond to the fermionic roots.
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Explicitly, the full one-loop Bethe equations are given by

1 =
M1∏
l ̸=k

u1,k − u1,l − i

u1,k − u1,l + i

M2∏
l=1

u1,k − u2,l + i/2
u1,k − u2,l − i/2

1 =
M1∏
l=1

u2,k − u1,l + i/2
u2,k − u1,l − i/2

M3∏
l=1

u2,k − u3,l − i/2
u2,k − u3,l + i/2

1 =
M2∏
l=1

u3,k − u2,l − i/2
u3,k − u2,l + i/2

M3∏
l ̸=k

u3,k − u3,l + i

u3,k − u3,l − i

M4∏
l=1

u3,k − u4,l − i/2
u3,k − u4,l + i/2(

u4,k + i/2
u4,k − i/2

)L

=
M3∏
l=1

u4,k − u3,l − i/2
u4,k − u3,l + i/2

M4∏
l ̸=k

u4,k − u4,l + i

u4,k − u4,l − i

M5∏
l=1

u4,k − u5,l − i/2
u4,k − u5,l + i/2

1 =
M4∏
l=1

u5,k − u4,l − i/2
u5,k − u4,l + i/2

M5∏
l ̸=k

u5,k − u5,l + i

u5,k − u5,l − i

M6∏
l=1

u5,k − u6,l − i/2
u5,k − u6,l + i/2

1 =
M5∏
l=1

u6,k − u5,l − i/2
u6,k − u5,l + i/2

M7∏
l=1

u6,k − u7,l + i/2
u6,k − u7,l − i/2

1 =
M6∏
l=1

u7,k − u6,l + i/2
u7,k − u6,l − i/2

M7∏
l ̸=k

u7,k − u7,l − i

u7,k − u7,l + i

(5.27)

with energy

E
(2)
full = λ

8π2

M4∑
i=1

1
u2

4,i + 1/4 . (5.28)

To avoid Bethe roots at infinity, the magnon numbers must obey M1 < M2 < M3 <

M4 > M5 > M6 > M7.
Going beyond one-loop, one will find that the n-loop anomalous dimension can involve

up to n neighbouring fields in a long range Hamiltonian corresponding to the n-loop
dilatation operator [94]. The spin chain is therefore effectively long range at strong
coupling. On the assumption of exact quantum integrability of the gauge theory, the
full sector N = 4 SYM theory is conjectured to be integrable at all loops [16]. This
conjecture is further studied by Beisert and Staudacher [20] who wrote down the all-loop
psu(2, 2|4) asymptotic Bethe equations (ABE), complemented by the so-called dressing
factor [17, 24]. The Bethe procedure is asymptotic to correctly capture the behaviour of
the anomalous dimension only up to λL order for a chain of length L.

After this order, the wrapping effects are taken into account reflecting the fact that
the chain has a finite size [62, 95]. At the order n in perturbation theory, the spin chain
Hamiltonian Hl,l+1,...,l+n involves interaction up to n+ 1 sites. For a spin chain of total
length L = n+ 1, it is obvious that there might be interactions that go over all the spin
chain; hence they wrap the chain. In this case the ABE are no longer valid. In order
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to compute these finite-size effects, different techniques have been developed, such as
the Lüscher corrections [70, 71] and the thermodynamic Bethe Ansatz (TBA) equations
(an infinite set of coupled integral equations) [11, 28, 57]. This served as a basis for the
so-called Y-system comprising an infinite set of nonlinear functional equations [58].



Part III

AdS5 × S5 Superstring Theory and
Its Integrability



Chapter 6

Type IIB Superstring Theory on
AdS5 × S5

A closed string on curved spacetime.

6.1 Strings and AdS5 × S5 Spacetime

In the 1970s, string theory itself was discovered in the attempt to describe the hadronic
physics [105]. However, the theory was dismissed soon after the advent of Quantum
Chromodynamics (QCD) as the precise theory of the strong nuclear force. It was realised
in the late 1990s that the dualities between gauge and (super)string theory managed to
circumvent the difficulties physicists faced in the last two decades in applying superstring
theory to strong interaction.

One of the maximally supersymmetric vacua (solutions) admitted by the type IIB
superstring theory is the product of the five-dimensional anti-de Sitter space AdS5 and
the five-sphere S5, as illustrated in Fig. 6.1. This AdS5 × S5 spacetime is supported
by the self-dual Ramond-Ramond (RR) five-form flux. The other two solutions are the
limits of this spacetime – the flat ten-dimensional Minkowski space and the plane-wave
background [26]. Below we shall have a look at the definition of AdS5 × S5 spacetime.
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Figure 6.1 An artist’s impression of the topological structure of AdS5 × S5 spacetime. AdS5
is equivalent to a hyperbolic space but with Minkowski signature.

Taking an analogy to the 5-sphere S5 of radius R that can be embedded as a surface
in R6,

δMNX
MXN = X2

1 +X2
2 + . . .+X2

6 = R2, M,N = 1, . . . , 6 (6.1)

with the Euclidean metric

(ds2)S5 = δMNdX
MdXN , δMN = (+1,+1, . . . ,+1,+1), (6.2)

the 5-dimensional anti-de Sitter space AdS5 of radius R can be embedded in R2,4 as a
hyperboloid (a constant negative curvature quadric),

− ηP QY
PY Q = Y 2

0 − Y 2
1 − . . .− Y 2

4 + Y 2
5 = R2, P,Q = 0, . . . , 5 (6.3)

with the metric

(ds2)AdS5 = ηP QdY
PdY Q, ηP Q = (−1,+1, . . . ,+1,−1). (6.4)

We set the radius of the sphere and the hyperboloid to 1 in the following discussion.
The full AdS5 × S5 metric is (ds2)AdS5×S5 = (ds2)AdS5 + (ds2)S5 , where

(ds2)AdS5 = dρ2 − cosh2 ρdt2 + sinh2 ρ
(
dθ2 + cos2 θdφ2

1 + sin2 θdφ2
2

)
︸ ︷︷ ︸

dΩ2
S3

,

(ds2)S5 = dγ2 + cos2 γdϕ2
3 + sin2 γ

(
dψ2 + cos2 ψdϕ2

1 + sin2 ψdϕ2
2

)
︸ ︷︷ ︸

dΩ2
S3

,
(6.5)

which can be obtained by the parametrisation of AdS5 × S5 coordinates in terms of 5 + 5
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independent global coordinates, i.e. XM = (ρ, θ, φ1, φ2, t) and YP = (γ, ψ, ϕ1, ϕ2, ϕ3),

X̃1 ≡ X1 + iX2 = sin γ cosψ eiϕ1 , X̃2 ≡ X3 + iX4 = sin γ sinψ eiϕ2 ,

X̃3 ≡ X5 + iX6 = cos γ eiϕ3 , Ỹ0 ≡ Y5 + iY0 = cosh ρ eit,

Ỹ1 ≡ Y1 + iY2 = sinh ρ cos θ eiφ1 , Ỹ2 ≡ Y3 + iY4 = sinh ρ sin θ eiφ2 .

(6.6)

The global coordinates are chosen to be ρ > 0, 0 < t ≤ 2π and the S3 angles 0 < θ <

2π, 0 < φ1 < π, 0 < φ2 < π covering the hyperboloid once. Near the centre (ρ = 0) the
AdS5 metric is that of R4 × S1, whereas near its boundary (ρ → ∞) it is that of S1 × S3.
To relate the theory to the corresponding gauge theory in R × S3, the t direction is often
decompactified to −∞ < t < ∞. The global coordinates in the S5 metric follow the
same periodicities as those in the AdS5 metric correspondingly.

Another useful choice of AdS5 × S5 coordinates in the solution of open strings ending
at the AdS boundary [5, 40, 88] is the Poincaré coordinates. These coordinates cover
only part of AdS5 [4],

Y0 = x0

z
= cosh ρ sin t, Y5 = 1

2z
(
1 + z2 − x2

0 + x2
i

)
= cosh ρ cos t,

Yi = xi

z
= ni sinh ρ, Y4 = 1

2z
(
−1 + z2 − x2

0 + x2
i

)
= n4 sinh ρ.

(6.7)

Here n2
i + n2

4 = 1 (i = 1, 2, 3) parametrises the 3-sphere in AdS5 metric, dnkdnk =
dΩ2

3 (θ, φ1, φ2). Therefore, the AdS5 × S5 metric (6.5) takes the conformally-flat form,

(
ds2

)
AdS5×S5

= 1
z2 (dxmdxm + dzMdzM) , (6.8)

where xm = ηmnx
n (m,n = 0, 1, 2, 3), z2 = zMzM (M = 1, . . . , 6), and dzMdzM =

dz2 + z2dΩ2
5 (γ, ψ, ϕ1, ϕ2, ϕ3).

6.2 The Holographic Principle

Let us digress to the AdS5/CFT4 duality prior to the discussion of superstring motion in
the AdS5 × S5 background. The discovery of the D-branes (Dirichlet-membranes37) [31]
in string theory gave a new impetus to the study of string dualities and nonperturbative
effects, and aided in understanding the relation with gauge theory. Moreover, Dp-branes38

37The name refers to the fact that open strings that end on D-branes have Dirichlet boundary
conditions, which means that the string endpoints are stuck on the branes.

38A D-brane of a specific dimension is called a Dp-brane, where p indicates that the brane spans p
spatial dimensions, and thus has a (p+ 1) dimensional spacetime worldvolume.
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being solitons are extended objects on which the strings can start or end.
It was understood by Witten [106] that a stack of N coincident Dp-branes is associated

to a nonabelian U(N) gauge theory. In particular, for D3-branes, the near horizon
geometry turns out to be AdS5 × S5 (Fig. 6.2) and the low-energy dynamics on their
worldvolume is governed by a U(N) gauge theory with N = 4 supersymmetry; hence the
two computations gave exactly the same answer.

Figure 6.2 D3-branes carry mass, energy and charge, and can deform the spacetime around
them to make a curved geometry. Located at the infinite end of the throat (described by
AdS5 × S5 metric) is the N D3-brane stack, known as the horizon (black hole location). The
geometry near the D3-branes is surrounded by S5.

Building on these ideas, Maldacena [72] conjectured in 1997 that

N = 4 SYM in flat space R1,3

with YM coupling constant gYM and gauge group SU(N)

is exactly dual to

type IIB superstring theory with string tension T and coupling constant gs

on AdS5 × S5 with curvature radii RAdS5 = RS5 ≡ R

and N units of RR five-form flux F5 through S5.

He considered strings propagating in the AdS5 × S5 geometry created by a stack of N
coincident D3-branes, such that the theory on the branes is the N = 4 SYM theory. The
four-dimensional spacetime can be recovered as the boundary of the AdS5 spacetime (as
in Fig. 6.3), while S5 is associated with the internal symmetry of the gauge fields. This
conjecture surprisingly relates a lower dimensional gauge theory to a higher dimensional
string model, which represents a manifestation of the holographic principle [99, 102].
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Figure 6.3 CFT4 (N = 4 SYM theory) on boundary of AdS5.

Just like the gauge theory is controlled by two parameters: the rank N of the gauge
group and the ’t Hooft coupling λ = g2

YMN , the dual string model is parametrised by the
string coupling constant gs and the effective string tension39 T = R2/2πα′ = R2/2πl2s ,
where R is the common radius of the AdS5 and S5 geometries. These two sets of
parameters are identified as

gs = g2
YM
2π , T 2 = λ

2π2 . (6.9)

Recall that in Section 4.3, the structure of the genus g expansion of Feynman diagrams
in the gauge theory resembles the perturbative expansion of string theory as a sum over
worldsheet amplitudes in terms of powers g−χ

s where χ = 2 − 2g is the Euler character
of the string worldsheets, as shown in Fig. 6.4. Here we have the strongest version of
the AdS5/CFT4 correspondence40 which states that the equivalence between the both
theories holds for arbitrary values of N and λ.

Figure 6.4 String perturbation theory.

39α′ = l2s is the square of the fundamental string length.
40A better picture to visualise the AdS5/CFT4 duality is via the calculation of Wilson loops. The

contour of the SYM Wilson loop represents the ends of an open string attached to the boundary of
AdS5 ×S5 extending into the bulk of the AdS5 space. The expectation value of the Wilson loop operator
is semiclassically the minimal surface of the AdS5 string, which due to the curvature extends into the
bulk.
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The leading order in the expansion contains string worldsheets which are topologically
equivalent to the two-sphere. As discussed in Section 4.3, the nonplanar graphs are
suppressed in the ’t Hooft limit. Therefore, we expect that the gauge theory at N → ∞
is dual to a noninteracting (or tree-level) string model, i.e. there is no string coupling
(gs = 0). Moreover, there is no string splitting or joining while the worldsheet coupling λ
remains (Fig. 6.5). This limit gives a more modest version of AdS5/CFT4 correspondence
which claims the duality in the planar limit N → ∞ with λ fixed at small values.

Figure 6.5 Conditions for string theory in planar limit.

Consider an arbitrary state |O⟩ of the string theory and the eigenvalue E (gs, T ) of
this state with respect to the string Hamiltonian H, defined as an operator conjugated
to the AdS5 time variable,

H|O⟩ = E (gs, T ) |O⟩. (6.10)

Considering that the string and gauge theory share the same symmetry algebra and
representations, one can conclude that the string Hamiltonian H corresponds to the
dilatation operator D on the gauge theory side. Therefore, there should exist an eigenstate
O(x) such that

DO(x) = ∆(gYM, N)O(x), ∆(gYM, N) = E (gs, T ) . (6.11)

In the planar limit (N → ∞), the correspondence reduces to

∆(gYM,∞) = E (0, T ) . (6.12)

This statement simply translates as the scaling dimensions of the planar gauge theory is
identical with the energies of the free string theory!

Unfortunately though, even the free (gs = 0) AdS5 ×S5 string is a rather complicated
2D field theory, whose quantisation remains a very challenging open problem; thus a direct
verification of (6.12) is not feasible. We can, however, address the string theory side by
studying its low energy effective description in terms of type IIB supergravity (SUGRA).
This approximation is only meaningful as long as the curvature of the background is
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small compared to the string scale, i.e. the radius R in string units needs to be very
large (R ≫ ls) or

1 ≪ R4

α′2
= R4

l4s
= λ. (6.13)

On the dual N = 4 SYM theory side, this is equivalent to the strong coupling regime of
the theory, and hence we arrive at the weak version of the correspondence. To summarise,
all the three versions of the AdS5/CFT4 duality are depicted in Fig. 6.6.

Figure 6.6 Three versions of the AdS5/CFT4 duality. On the left a stack of N D3-branes is
hosting open strings, whereas on the right the closed string modes propagate in the AdS5 space
[7].

A caveat in the weak version of AdS5/CFT4 duality is that the perturbative domain
of AdS5 × S5 superstring, i.e. λ ≫ 1, is perfectly incompatible to the perturbatively
controllable regime of N = 4 SYM, i.e. λ ≪ 1! We are therefore dealing with a
strong/weak coupling duality; proving the duality is very hard if not impossible, as it
requires solving the string or gauge theory nonperturbatively. A summary of the duality
of the observables and parameters of the both sides of the AdS5/CFT4 correspondence
is depicted in Table 6.1.

6.3 AdS5 × S5 Superstring Action

Since there is a nonvanishing RR 5-form flux supporting the AdS5 × S5 background, the
Neveu-Schwarz-Ramond (NSR) formalism of the superstring action [80, 84] is precluded
in a straightforward way. The Green-Schwarz (GS) approach [53, 54] appears to be
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Table 6.1 Dictionary of AdS5/CFT4 correspondences.

N = 4 SYM Strings on AdS5 × S5

Local operators O String states |O⟩
Dilatation operator D String Hamiltonian H
Scaling dimension ∆ String mode energy E
N → ∞, λ → ∞ (strong coupling) gs → 0, T → ∞ (classical strings / SUGRA limit)
N → ∞, λ fixed gs → 0, T fixed (tree-level / free strings)
Any N , λ Any gs, T (quantum strings)

more viable as it endows the superstring action with invariance under supersymmetry
and κ-symmetry41. However, it is not very practical for finding the explicit form of
the action in terms of the coordinate fields42. A more advantageous approach, namely
the supercoset formulation, will be discussed in the next chapter. For the review of
some classical superstring solutions in this section, we use the former method, i.e. the
coordinate field description.

As previously mentioned, the type IIB superstring theory in a curved space with an
RR 5-form background is best described by the GS action [39, 45, 47, 74],

S = SB − SF, SB = T

2

∫
dτ dσ

√
−ggabGµν(x)∂ax

µ∂bx
ν ,

SF = iT
∫
dτ dσ

(√
−ggabδIJ − ϵabsIJ

)
ϑ

I
ρaDbϑ

J +O
(
ϑ4
) (6.14)

with the AdS5/CFT4 identified string tension T = R2

2πα′ =
√

λ
2π

. Here gab (a, b = 0, 1 or τ, σ)
is an independent 2D metric and xµ (µ = 0, 1, . . . , 9) are the bosonic string coordinates.
ϵab is a 2D antisymmetric tensor with ϵ01 = 1, ϑI (I = 1, 2) are two Majorana-Weyl
spinor fields, and sIJ = diag(1,−1). ρa are projections of the 10D Dirac matrices,
ρa ≡ ΓAE

A
µ ∂ax

µ, where EA
µ is the vielbein of the target space metric, Gµν = EA

µE
B
ν ηAB.

Da is the projection of the 10D covariant derivative Dµ, where Dµ = ∂µ + 1
4ω

AB
µ ΓAB −

1
8·5!Γ

µ1...µ5ΓµFµ1...µ5 with ωAB
µ as the Lorentz connection. Fµ1...µ5 is the RR 5-form field,

which should be related to Gµν so that the 2D Weyl and κ-symmetry anomalies cancel.
Working with the embedding coordinates43 XM(τ, σ) and YP (τ, σ), and in the con-

41κ-symmetry is a local fermionic symmetry that ensures the correct number of physical fermionic
degrees of freedom in a theory.

42In terms of the coordinate fields, one has to determine the exact expressions for the supervielbeins
in a bosonic AdS5 × S5 background. This is indeed a difficult problem to solve in nontrivial cases.

43As the string moves, it sweeps out a 2D surface, called a worldsheet, Σ, parametrised by the space
and time coordinates, i.e. σ and τ , respectively. These coordinates are used in defining the sigma model
– a field theory wherein fields take values in a curved manifold M. Put differently, a field configuration
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formal (or orthogonal) gauge44, √
−ggab = ηab = diag(−1, 1), the AdS5 × S5 bosonic

superstring action (6.14) is given by

S =
√
λ

4π

∫
dτ dσ

(
−∂aYP∂

aY P − Λ̃
(
YPY

P + 1
)

︸ ︷︷ ︸
LAdS

+ −∂aXM∂
aXM + Λ

(
XMX

M − 1
)

︸ ︷︷ ︸
LS

)

(6.15)
Here, the fermionic terms are suppressed in the action, as they will not be relevant in
the discussion of classical solutions (the full fermionic action is stated in [74, 89]). Λ and
Λ̃ are the Lagrange multipliers (functions of τ and σ) imposing the two hypersurface
conditions. The action (6.15) is supplemented with the conformal gauge constraints (the
Virasoro conditions) expressing the vanishing of the total 2D energy-momentum tensor
Tab ,

T00 = T11 = 0 =⇒ ẎP Ẏ
P + Y ′PY

′P + ẊMẊ
M +X ′MX

′M = 0,
T01 = T10 = 0 =⇒ ẎPY

′P + ẊMX
′M = 0,

(6.16)

where · and ′ denote temporal derivative and spatial derivative, respectively. The classical
equations of motion for (6.15) are

∂a∂aYP − Λ̃YP = 0, Λ̃ = ∂aYP∂aY
P , YPY

P = −1,
∂a∂aXM + ΛXM = 0, Λ = ∂aXM∂aX

M , XMX
M = 1.

(6.17)

We will be interested in the closed string solutions with the worldsheet as a cylinder (Fig.
6.7) for which the periodicity conditions are imposed,

YP (τ, σ + 2π) = YP (τ, σ), XM(τ, σ + 2π) = XM(τ, σ). (6.18)

Figure 6.7 Closed string worldsheet as a cylinder.

The action (6.15) is invariant under the SO(2, 4) and SO(6) rotations with the

is a map Xµ(σ) : Σ → M, where M is known as the target space.
44ηab is the Weyl-invariant combination of the worldsheet metric gab with det η = −1.
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conserved (on-shell) bosonic charges

SP Q =
√
λ

2π

∫ 2π

0
dσ
(
YP ẎQ − YQẎP

)
, JMN =

√
λ

2π

∫ 2π

0
dσ
(
XMẊN −XNẊM

)
. (6.19)

The isometry group of the AdS5 × S5 metric (6.5) is SO(2, 4) × SO(6), which has 3 + 3
linear isometries, i.e. the translations in the time t, in the 2 angles φa and the 3 angles ϕi.
A natural choice of the corresponding 3 + 3 Cartan generators45 of the isometry group is

S0 ≡ S50 ≡ E =
√
λE, S1 ≡ S12 =

√
λS1, S2 ≡ S34 =

√
λS2,

J1 ≡ J12 =
√
λJ1, J2 ≡ J34 =

√
λJ2, J3 ≡ J56 =

√
λJ3.

(6.20)

We shall restrict to classical solutions (or states) characterised by finite values of the
AdS (worldsheet) energy E, the spins Sr (r = 1, 2) on AdS5, and the angular momenta
Ji (i = 1, 2, 3) on S5. Given the Virasoro conditions, the energy can be expressed in
terms of the other five charges,

E =
√
λE (Sr, Ji; ks) =

√
λE

(
Sr√
λ
,
Ji√
λ

; ks

)
(6.21)

with other (hidden) conserved charges ks, like “topological” numbers determining partic-
ular shape of the string (e.g., number of spikes, folds, winding numbers, etc).

6.4 Classical Solutions

To find exact solutions of the nonlinear equations of motions, one typically makes an ansatz
for the shape of the string. Here we consider the simplest (ground-state) case – point-like
string, for which it is localised at the centre of AdS5, i.e. YP = YP (τ), XM = XM(τ)
in (6.16) and (6.17). This particular string has a geodesic in AdS5 × S5. The natural
implication from (6.16) and (6.17) is that Λ, Λ̃ = constant with Λ = −Λ̃ > 0.

The solution for a massless geodesic that lies entirely within AdS5 is a straight line
in R2,4,

YP (τ) = AP +BP τ, BPB
P = APB

P = 0, APA
P = −1. (6.22)

The SO(2, 4) spin tensor in (6.19) is SP Q =
√
λ (APBQ − AQBP ). This solution does not

45The 6 charges are exactly the unitary representations of the bosonic subgroup in the gauge theory
side (cf. Section 4.4) with the AdS5/CFT4 identification of the AdS energy E = ∆.
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represent a “highest-weight” semiclassical state46 since there are always nonvanishing non-
Cartan components, e.g., if Y5 +iY0 = 1+ipτ, Y3 = pτ, Y1,2,4 = 0 we get S50 = S53 =

√
λp.

There is another point-like string in AdS5 × S5 that runs along the time direction in
AdS5 and carries one component of large momentum J = J3 ≫ 1 wrapping the equator
(or great circle) of S5. The geometry seen by this fast moving string is the plane wave
geometry, and string theory in this background is exactly solvable. The angular motion
in S5 provides an effective mass to a particle in AdS5, i.e. the corresponding geodesic in
AdS5 is a massive one,

Y5 + iY0 = eiκτ , X5 + iX6 = eiκτ , κ =
√

Λ, Y1,2,3,4 = X1,2,3,4 = 0. (6.23)

The only nonvanishing integrals of motion are the energy and the SO(6) angular mo-
mentum of this BPS state47, E = J3 =

√
λκ, matching the minimal scaling dimension

∆ of the chiral primary operator (also known as Berenstein-Maldacena-Nastase (BMN)
“vacuum” operator) tr

(
ZJ3

)
, Z = 1√

2(Φ1 + iΦ2), in the gauge theory [22].
In general, a string of which all points moving fast in S5 will admit a BMN-type “fast

string” limit, i.e. AdS energy E depends analytically on the square of string tension
T or on λ when expressed in terms of Sr and Ji and expanded in large total angular
momentum of S5 [47, 48]. For a string whose centre is at rest or which moves only within
the AdS5, its energy will have nonanalytic dependence on

√
λ [48, 60, 82].

Progresses have been made on non-BPS states by concentrating on a particular class of
extended (σ-dependent) string solutions of the equations (6.17) subject to the constraints
(6.16), (6.18) that have finite AdS energy. In particular, rigid closed string solutions (i.e.
the shape of the string does not change with time) have been mostly discussed. For the
case of two nonvanishing angular momenta (J1, J2) the string evolution equations are
solved in terms of elliptic functions; the corresponding string configurations can have
folded [50] or circular [10, 48] profiles48 (Fig. 6.8), giving rise to two different expressions
for the energy. Both profiles have shown to agree with their SYM counterparts with the

46A solution having a consistent semiclassical interpretation should correspond to a state of a quantum
Hamiltonian H which carries the same quantum numbers, and should thus be associated to a particular
SYM operator with definite scaling dimension. It should be a representation of a “highest-weight”
state of a symmetry algebra, i.e. all other non-Cartan (noncommuting) components of the symmetry
generators (6.19) should vanish; other members of the multiplet can be obtained by applying rotations
to a “highest-weight” solution.

47Recall that BPS state is the “protected” chrial primary state which does not change with the
coupling constant (cf. Section 4.4). The point-like string having only one nonzero component of J is the
only BPS state.

48“Folded” means that the string has a shape of an interval, while “circular” string has a shape of a
circle, as the name suggested.
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relevant Bethe solutions and associated scaling dimensions found in [15, 18].
A perfect agreement between string energies and scaling dimensions of gauge theory

operators is also shown in a pulsating 49 string [75] and a simple circular string solution
with three angular momenta (J1, J2, J3) [42]. Other solutions include a folded closed
string rotating in a plane in AdS5 carries single spin, S = S1 [32, 60], and also carrying
two charges (S, J) [47] by boosting the centre of mass of the string rotating in AdS5

along a circle of S5. An interpolating solution with the three charges (S, J1, J2) was
constructed in [90]. Further, it was realised that while extended string solutions with
more spins in either or both AdS5 and S5 spaces may exist, they may be difficult to
construct explicitly, and their AdS/CFT interpretation may be unclear.

(a) folded (b) circular (c) pulsating (d) higher modes

Figure 6.8 Different string configurations for rigid extended string solutions.

While the full energy spectrum of the quantum string in AdS5 × S5 is hard to
determine, some of its sections can be probed by making the ansatz of semiclassical string
configurations. For multispin string states (with at least one large S5 angular momentum
component Ji), the string energy is given by its classical expression as a regular expansion
in the BMN coupling constant λ′ = λ/J2, for which quantum superstring sigma model
corrections are suppressed in the BMN limit J → ∞, λ′ = fixed [49]. A precise test of
the AdS5/CFT4 duality can therefore be carried out in a non-BPS sector by comparing
the λ′ ≪ 1 expansion of the classical string energy with the corresponding quantum
anomalous dimensions in perturbative N = 4 SYM theory.

One would expect a close connection between special classes of string solutions
representing particular semiclassical string states and certain integrable models. Indeed,
the folded rotating string solutions with one [32, 60] or two [47, 50] nonvanishing angular
momenta are related to the 1D sine-Gordon model. When all the three Cartan components
of the SO(6) angular momentum are nonzero, the SO(6) sigma model effectively reduces

49The solution for pulsating string is formally not rigid but is very similar, i.e. its shape remains
circular while its radius changes with time. An example of a nonrigid solution would be a “kinky” string
[73] which has a shape of a quadrangle at the initial moment in time, then shrinks to diagonal due to
the tension, then expands back, etc.
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to a special integrable 1D Neumann model [79], describing a 3D harmonic oscillator with
three different frequencies constrained to move on S2. The reduction of the AdS5 × S5

string sigma model to an integrable 1D system simply illustrates the integrability of this
2D theory.



Chapter 7

Classical Integrability of AdS5 × S5

Superstring Theory

A flat connection on a coset superspace sigma model.

7.1 Supercoset Sigma Model

Although the Green-Schwarz formalism realise the spacetime supersymmetry in a manifest
way such that the superstring action is invariant with respect to the κ-symmetry, the
construction of the Green-Schwarz action for an arbitrary supergravity solution is difficult.
Namely, one has to determine the full structure of the type IIB superfield from a given
bosonic solution; a problem that has not been solved so far for a generic background.

Fortunately, the Green-Schwarz superstring action (6.14) in the AdS5 ×S5 background
can be defined via a covariant sigma model on a coset superspace due to Metsaev and
Tseytlin [74]. Following the construction of superstring action in the ten dimensional flat
space by Henneaux and Mezincescu [61], this supercoset formulation makes use of the
symmetry properties of the background solution. The group of superisometries (Killing
vectors and Killing spinors) of this background is P̃SU(2, 2|4), which matches the N = 4
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superconformal group. The superstring action can be constructed, as a nonlinear sigma
model50 with target space being the supercoset

G/H = P̃SU(2, 2|4)
SO(4, 1) × SO(5) ≃ AdS5 × S5 × fermions. (7.1)

Notice that this supercoset is not a symmetric space, as the denominator group is too small.
In contrast, the bosonic part of the supercoset is a symmetry space SO(2, 4)/SO(4, 1) ×
SO(6)/SO(5) ≃ AdS5 × S5. This supercoset model provides a natural way to couple the
string worldsheet to the RR (fermionic) fields via the Wess-Zumino (WZ) term.

The Lie superalgebra g = psu(2, 2|4) is a quotient algebra since it is obtained by
quotienting su(2, 2|4) over the u(1) factor corresponding to the identity51. It admits an
order-four automorphism52, which is a linear map Ω : g → g with

Ω([a, b]) = [Ω(a),Ω(b)], a, b ∈ g, Ω4 = 1 (7.2)

that decomposes g into a direct sum of four graded subspaces

g = g(0) ⊕ g(1) ⊕ g(2) ⊕ g(3), (7.3)

where each of them is an eigenspace of Ω,

Ω (g) = ikg(k), k = 0, 1, 2, 3. (7.4)
50The sigma model being considered here is a principal chiral model, which takes values in a group

manifold G, f(x) : Σ → G. Classically This model is conformally invariant at the classical level but it
develops a mass gap after quantisation.

51Notice that g can be realised as a 4|4 × 4|4 matrix superalgebra, but not as an 8 × 8 matrix
superalgebra.

52The Lie superalgebra g can be characterised by automorphism generated by the supertransposition,

M → Ω(M) = −KMstK−1, M ∈ g,

where the supertranspose Mst of M is defined by

Mst =
(
at −ηt

θt bt

)
,
(
Mst

)st =
(

a −θ
−η b

)
and the matrix

K = diag(ς, ς, ς, ς), ς = i−1σ2 =
(

0 −1
1 0

)
.
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Therefore, the automorphism endows g with a Z4-grading [23], i.e.

Str (MmMn) = 0 for Mm ∈ g(m), Mn ∈ g(n), m+ n ̸= 0 mod 4, (7.5)

which is compatible with the supercommutator
[
g(m), g(n)

]
⊂ g(m+n mod 4). Note that g(0)

is a subalgebra and the set of stationary points of Ω, i.e. g(0) = h = so(4, 1) ⊕ so(5).
There is also an implicit Z2-grading for which g(0), g(2) are even and g(1), g(3) are odd
subspaces.

The superstring action can be constructed in terms of the coset representative,

f : Σ → P̃SU(2, 2|4)
(τ, σ) 7→ f(τ, σ),

(7.6)

where (τ, σ) are coordinates on the worldsheet and f(τ, σ) is a periodic function, f(τ, σ+
2π) = f(τ, σ). We can use f(τ, σ) to build the one-form supercurrent A with values in
the psu(2, 2|4) algebra,

A ≡ −f−1df = −
(
f−1∂τf

)
dτ −

(
f−1∂σf

)
dσ, (7.7)

so that it is conserved, d ∗ A = 0. Based on the Z4-grading, the supercurrent can be
decomposed accordingly as

A = A(0) + A(1) + A(2) + A(3). (7.8)

It follows that the supercurrent is a flat connection, namely it has vanishing two-form
curvature, F ≡ dA − A ∧ A = 0. The supercurrent is also invariant under the left
group action f → cf of a constant c ∈ G. Under the local right action f → fh with
h(τ, σ) ∈ H, it transforms as A → h−1Ah− h−1dh, which in components splits into

A(0) → h−1A(0)h− h−1dh, A(k) → h−1A(k)h, k = 1, 2, 3. (7.9)

The superstring action in AdS5 × S5 (6.14) is then written as

S = −
√
λ

4π

∫
dτ dσ Str

(
A(2) ∧ ∗A(2) − A(1) ∧ A(3) + Λ ∧ A(2)

)
, (7.10)

or in terms of the supercurrent components, Aα = −f−1∂αf ,

S = −
√
λ

4π

∫
dτ dσ Str

[
ηαβA(2)

α A
(2)
β + κϵαβA(1)

α A
(3)
β

]
, α, β = 0, 1. (7.11)
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The Lagrange multiplier Λ in the last term of (7.10) ensures the supertraceless condition of
A(2) as is required for psu(2, 2|4), and also A(0) has been gauged away in this formulation
of action. In (7.11), ϵαβ and ηαβ are the tensors defined in (6.14). The first term is
the usual kinetic term of a sigma model with interactions; hence it is regarded as a
nonlinear sigma model on AdS5 × S5. The second term is a WZ term which relies on the
Z4 decomposition of g. The WZ term is a 2-form [23] which arises from a closed and
exact 3-form,

2 Str
(
A(2) ∧ A(3) ∧ A(3) − A(2) ∧ A(1) ∧ A(1)

)
= d Str

(
A(1) ∧ A(3)

)
︸ ︷︷ ︸

WZ term

. (7.12)

The coefficient κ is in fact fixed to ±1 in order to have κ-symmetry [9, 56].
One can find the equations of motion of AdS5 × S5 superstring by varying the action

(7.11) with respect to f ,
∂αS

α − [Aα, S
α] = 0 (7.13)

where Sα = ηαβA
(2)
β − 1

2ϵ
αβ
(
A

(1)
β − A

(3)
β

)
and the supercurrent Aα is also a solution of

the Maurer-Cartan equation

∂αAβ − ∂βAα − [Aα, Aβ] = 0. (7.14)

The equation of motion (7.13) has the identical form as the equation of conservation
of the Nöther current (

√
λ/2π)fSαf−1 associated with the psu(2, 2|4) symmetry. The

corresponding Nöther charge and its projection onto an element M ∈ psu(2, 2|4) are
respectively

Q =
√
λ

2π

∫ 2π

0
dσfS0f−1 and QM = Str(QM). (7.15)

7.2 Classical Lagrangian Integrability

Classical integrability is a bonus symmetry53 in all supercoset sigma models with Z4-
grading. Much like the Heisenberg spin chain, the sigma model is classically integrable if
its Euler-Lagrange equations of motion can be cast into zero-curvature form, with a Lax
connection Lα(τ, σ, u) depending on the dynamical fields and on a spectral parameter
u ∈ C, i.e.

dL+ L ∧ L = 0 or ∂αLβ − ∂βLα − [Lα, Lβ] = 0. (7.16)
53This does not mean that integrability is not spoiled by quantum effects [1, 2].
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This is a strong condition on the classical dynamics of the model because it has to
be satisfied for any value of u. There is, however, a certain level of arbitrariness in
constructing L, as reflected by the non-uniqueness of L in the gauge transformation

Lα → ULαU
−1 + ∂αUU

−1, U(τ, σ + 2π) = U(τ, σ), (7.17)

leaving the vanishing of the “field strength” built out of L unaffected.
From the Lax connection, we form the monodromy matrix T (u) by parallel-transporting

L along a closed path γ encircling the spacelike σ direction of the worldsheet cylinder,

T (u) ≡ P exp
∮

γ
dσLσ(τ, σ, u) = P exp

∫ 2π

0
dσLσ(τ, σ, u), (7.18)

as shown in Fig. 7.1. The flatness condition (7.16) guarantees that (7.18) is independent
of the timeslice at fixed τ of such loop. The monodromy matrix T should satisfy the
equation

∂τT (τ) = [Lτ (0, τ, u), T (τ)] . (7.19)

Practically, the Taylor expansion of its eigenvalues in the continuous complex spectral
parameter u generates an infinite tower of local conserved charges.

Figure 7.1 Construction of monodromy matrix in supercoset sigma model.

As pedagogically shown in [9], it requires some effort to be set up a Lax connection
for the supercoset sigma models with Z4-grading. One can start with an ansatz for Lα(u)
in terms of the supercurrent components A(k) in the constraint of the flatness condition
(7.16). The superstring equations of motion (7.13) eventually lead to the zero-curvature
condition for

Lα = A(0)
α + 1

2

(
u2 + 1

u2

)
A(2)

α − 1
2κ

(
u2 − 1

u2

)
ηαβϵ

βγA(2)
γ + uA(1)

α + 1
u
A(3)

α . (7.20)

In literature, the corresponding (full and bosonic) Lax connection and the associated
conservation laws have been studied in [6, 64]. The relation between κ-symmetry and
integrability was emphasised in [21, 83].
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7.3 Quantum Integrability and Comparison

In order to verify the integrability of the AdS5 × S5 superstring theory at the quantum
level, i.e. to compute the massive spectrum of the quantised (or semiclassical) worldsheet
theory, one has to consider the Hamiltonian point of view. Moreover, it is worthwhile
recalling how the methods of factorized scattering theory [109] are applied in the quantum
case. In the following, we would like to briefly describe the multistep procedure in solving
the quantum superstring sigma model.

The usual primary step for quantisation within the Green-Schwarz formulation is to
go to a light-cone gauge. In such a gauge, the theory would have a physical spectrum
given by the quantised light-cone Hamiltonian for a fixed light-cone momentum. However,
fixing the light-cone gauge is subtle due to κ-symmetry, and hence the Hamiltonian can
hardly be quantised straightforwardly.

The idea is then to study first the decompactification limit by considering the theory
on a plane instead of a cylinder. Since the theory has a massive spectrum, the notion of
asymptotic states (particles) is well defined; it thus makes sense to talk about scattering
theory. Note however that the light-cone gauge action is not Lorentz invariant, and
thus some properties must be adapted and extended to the case at hand. Quantum
integrability should then imply the absence of particle production and factorisation of
n → n worldsheet S-matrix into a product of 2 → 2 S-matrices (cf. Section 3.3). It is in
fact not necessary to have an infinite tower of conserved quantities (see [37] for a review).

Assuming quantum integrability, the next step is to find the dispersion relation for
elementary excitations and the two-body S-matrix from the (off-shell) symmetries of
the light-cone gauged action in the decompactification limit. Therefore, an important
question related to that program is to determine these symmetries. Once all these steps
are completed, finite size effects can be considered and the findings of the light-cone
superstring sigma model on a plane can be upgraded to a cylinder.

All the considerable effort spent to solve both theories in the AdS5/CFT4 duality
leads to one question: how to compare the string spectrum and the gauge spectrum? A
conventional way is to take the sledgehammer approach, which directly compares the
classical spinning string energies to the gauge theory scaling dimensions. It is, however,
a challenging task to compute the full spectrum on both theories. An alternative route
for the comparison lies in the coherent-state effective action approach pioneered by
Kruczenski [68]. The relation between phase-space action for the lightlike string and
the coherent-state action on the SYM (spin chain) side gives an explicit picture of how
string action “emerges” on the gauge theory side [104]. In this approach there is no need
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to compare explicit solutions any longer, however, considering higher-loop effects and
fermions becomes more challenging in this language.

In the context of the spectral AdS/CFT correspondence, it is much more important
to find a way to directly characterise the spectrum, rather than computing the explicit
solutions. The idea here borrows from algebraic geometry for which an integrable system
can be characterised by an algebraic curve. It is constructed out of the transfer matrix
and encodes the information about the local charges (conserved quantities). For the
classical and semiclassical string theory in AdS5 × S5, this role is played by the spectral
curve [92]. This would need to be compared to the curve extracted from the transfer
matrix in the quantum spin chains at the thermodynamic limit.



Chapter 8

Conclusions and Outlook

This dissertation is devoted to the introductory study of the integrability of gauge and
string theories. The notion of integrability was first discussed at the classical and quantum
levels. Not all integrable models are logically deducible from the first principles and
in certain cases it is based on clever guesses known as Bethe Ansätze. The exposition
continues with the AdS5/CFT4 correspondence for which the integrable models behind
this remarkable conjecture combines features of supersymmetry, conformal symmetry,
spin chains with those of integrable sigma models.

Figure 8.1 Map of the parameter space of N = 4 SYM and AdS5 × S5 superstrings [14].

The progress due to integrability is summarised in the map of the parameter space of
our gauge and string theories (Fig. 8.1). The weak coupling regime (around the point
λ = 0) is where reliable results are obtained for the perturbative N = 4 SYM theory. On
the other end of the λ axis stays the strong coupling regime (around the point λ = ∞)
where perturbative IIB superstring theory on AdS5 ×S5 applies. Integrability helps solve
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the weak/strong dilemma of the AdS5/CFT4 duality by restricting to planar limit (the
bottom region in Fig. 8.1). It provides novel computational means in planar N = 4
SYM at arbitrary coupling λ. The AdS5/CFT4 duality then relates this regime to free
(gs = 0) AdS5 × S5 superstrings at arbitrary tension T .

On gauge theory side, the one-loop dilatation operator is shown to be mapped
to certain sector of the integrable closed spin chain. When it was understood that
integrability extends to two and three loop order in N = 4 SYM theory, it was conjectured
that integrability is an all-loop feature. On string theory side, the Metsaev-Tseytlin sigma
model is shown to be classically integrable from the Lagrangian point of view. Different
approaches, namely the quantum Hamiltonian and light-cone gauge, are then required to
verify the integrability of semiclassical strings. Under the assumption that the string
integrability persists at the quantum level, we are having a breathtaking possibility to
solve the string sigma model exactly, and via the AdS5/CFT4 duality, to obtain an exact
solution of the interacting conformal field theory in four dimensions.

In the last two decades, an arsenal of investigations have dealt with extending the
applications of integrability to other observables beyond the planar spectrum and scat-
tering amplitudes [5, 40, 67, 88, 110]. It turns out that in addition to the superconformal
symmetry the special scalar integrals which enters the expression of the amplitudes obey
a dual superconformal symmetry. It was argued [41] that the two sets of conformal
symmetries close onto an infinite-dimensional algebra which is at the heart of integrability
– the Yangian. This implied the existence of an integrable structure at the level of the
amplitudes, and not only of the conformal dimensions.

Among other recent developments are the study of integrability in the deformations
of the N = 4 SYM theory and in more general models – AdS4/CFT3 and AdS3/CFT2

duality models to name a few [3, 30, 59, 65, 66, 78, 81, 98]. In line with the significant
progress, one of the important questions which awaits to be solved is that of the origin of
integrability and its formal proof. As one can tell, there remains a lot of open problems to
be explored in the integrability programme and it has become one of the active research
areas in modern physics.
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